Journal of King Saud University — Science (2011) 23, 171-174

King Saud University
Journal of King Saud University —
Science

www.ksu.edu.sa
www.sciencedirect.com

ORIGINAL ARTICLE

Generalized mixed quasi trifunction

variational inequalities

Muhammad Aslam Noor *

Mathematics Department, COMSATS Institute of Information Technology, Islamabad, Pakistan
Mathematics Department, College of Science, King Saud University, Riyadh, Saudi Arabia

Received 15 June 2010; accepted 2 July 2010
Available online 15 July 2010

KEYWORDS

Trifunction;
Variational inequalities;
Auxiliary principle;
Proximal methods;
Convergence

Abstract In this paper, we introduce a new class of trifunction variational inequalities, which is
called the generalized mixed quasi trifunction variational inequalities. Using the auxiliary principle
technique, we suggest and analyze a proximal point method for solving the generalized mixed quasi
trifunction variational inequalities. It is shown that the convergence of the proposed method
requires only pseudomonotonicity, which is a weaker condition than monotonicity. Our results rep-
resent an improvement and refinement of previously known results. Since the generalized mixed

quasi trifunction variational inequalities include bifunction variational inequalities and related opti-
mization problems as special cases, results proved in this paper continue to hold for these problems.
© 2010 King Saud University. Production and hosting by Elsevier B.V. All rights reserved.

1. Introduction

It is well known that the variational inequality theory, which was
introduced and considered by Stampacchia (1964), provides us
with a unified, innovative and general framework to study a wide
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class of problems arising in finance, economics, network analysis,
transportation, elasticity and optimization, and applied sciences.
Variational inequalities have been generalized and extended in
several directions using the novel and new techniques. Noor and
Oettli (1994) considered and studied a class of variational inequal-
ities involving trifunctions. They discussed the existence and
uniqueness of the trifunction variational inequalities using the
Fan—Glicksberg-Hoffman Lemma. For the applications and
other techniques for solving trifunction variational inequalities
(Noor, 2010d; Noor and Noor, 2010a; Noor and Oettli, 1994
and the references therein). We would like to remark that the var-
iational inequalities represent the optimality conditions of the
convex functions. For the directionally differentiable convex
function, we have the bifunction variational inequalities. We
would like to remark that the minimum of the sum of directional
differentiable convex function and the nondifferentiable bifunc-
tion can be characterized by the mixed quasi bifunction varia-
tional inequalities. This has motivated Noor (2010d) to consider
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and analyze a class of bifunction variational inequalities, which is
called the multivalued mixed quasi bifunction variational inequal-
ity involving the nonlinear term ¢(., .). Noor (2010d) has used the
auxiliary principle technique to suggest and analyze a proximal
point algorithm for solving the multivalued mixed quasi bifunc-
tion variational inequalities. It is shown that the convergence of
the proximal algorithm requires the pseudomonotonicity of the
bifunction and the skew symmetry of the bifunction ¢(.,.).

Inspired and motivated by the research and activities going
onin this fascinating area, we introduce and consider a new class
of trifunction variational inequalities, which is called the gener-
alized mixed quasi trifunction variational inequality involving
the nonlinear term ¢(., .). This class is quite general and unifying
one and includes several classes of trifunction, bifunction and
classsical variational inequalities as special cases. In recent years,
several numerical techniques including projection, resolvent and
auxiliary principle have been developed and analyzed for solving
variational inequalities. We would like to point out that the pro-
jection-type methods and their invariant forms can not be used
for solving the trifunction hemivariational inequalities. To over-
come this drawback, one usually uses the auxiliary principle
technique, which is due to Glowinski et al. (1981). This technique
has been used to suggest and analyze several methods for solving
trifunction variational inequalities and related optimization
problems. It has been shown that a substantial number of
numerical methods can be obtained as special cases from this
technique (Noor, 1999, 2000, 2004a,b,c, 2006, 2009,
2010a,b,c,d,e; Noor and Noor, 2010a,b; Noor et al., 1993,
2010). In this paper, we again use the auxiliary principle tech-
nique to suggest and analyze an implicit method for solving
the generalized mixed quasi trifunction variational inequalities.
It is shown that the proposed proximal method converges for
pseudomonotone operators and the skew-symmetric bifunction
¢(.,.). Our results can be viewed as a significant extension and
generalization of the previously known results for solving classi-
cal trifunction and bifunction variational inequalities.

2. Preliminaries

Let H be a real Hilbert space whose inner product and norm
are denoted by (-, ) and ||.||, respectively. Let C(H) be a family
of all nonempty compact subset of H. Let T: H — C(H) be a
multivalued operator. Let K be a nonempty closed convex set
in H. Let ¢(.,.) : Hx H— RU{+oc0} be a continuous bifunc-
tion. For a given trifunction F(.,.,.): K x Kx K — C(H), we
consider the problem of finding u € K, v € T(u) such that

Flu,v,v—u)+ o(v,u) — @(u,u) =0, VveK, (2.1)

which is called the generalized mixed quasi trifunction varia-
tional inequalities.

If T'is a single-valued operator, then problem (2.1) is equiv-
alent to finding u € K such that

Flu, T(u),v —u) + o(v,u) — o(u,u) =2 0, VveK, (2.2)

which is called the mixed quasi trifunction variational inequal-
ities. For the applications and numerical results of mixed quasi
trifunction variational inequalities (Noor and Noor, 2010a;
Noor and Oettli, 1994 and the references therein).

If F(.,.,.) = B(.,.), where B(.,.) is bifunction, then problem
(2.1) is equivalent to finding u € K, v € T(u) such that

B(v,v—u)+ o(v,u) — @(u,u) =0, VveKk, (2.3)

which is known as the generalized (multivalued) mixed quasi
bifunction variational inequality, which was introduced and
studied by Noor (2010d).

If F(u,v,v — u) = (v,v — u), then problem (2.1) is equivalent
to finding u € K, v € T(u) such that

(v,v—u)+o(v,u) —p(u,u) =0, Vvek, (2.4)

which is known as the generalized mixed quasi variational
inequality (Carl et al., 2007; Dem’yanov et al., 1996; Giannessi
and Maugeri, 1995; Giannessi et al., 2001; Gilbert et al., 2001;
Glowinski et al., 1981; Noor, 1975, 1999, 2000, 2004a,b.c,
2006, 2009, 2010a,b,c,d,e; Noor and Noor, 2010a,b; Noor
et al., 1993, 2010; Noor and Oettli, 1994; Stampacchia, 1964)
for applications and numerical results. In brief, for suitable
and appropriate choice of the operator and the spaces, one
can obtain several known and new classes of variational
inequalities and related optimization problems as special cases
of problem (2.1). This shows that problem (2.1) is quite gen-
eral, flexible and unifying one. Furthermore, It is well-known
that a wide class of obstacle, unilateral, contact, free, moving
and equilibrium problems arising in mathematical, engineer-
ing, economics and finance can be studied in the unified and
general framework of problems (2.1)—(2.4) and their special
cases, see (Carl et al., 2007; Dem’yanov et al., 1996; Giannessi
and Maugeri, 1995; Giannessi et al., 2001; Gilbert et al., 2001;
Glowinski et al., 1981; Noor, 1975, 1999, 2000, 2004a,b,c,
2006, 2009, 2010a,b,c,d,e; Noor and Noor, 2010a,b; Noor
et al., 1993, 2010; Noor and Oettli, 1994; Stampacchia, 1964).
We also need the following concepts and results.

Lemma 2.1. Yu,v € H,
2u,v) = A+ v|* = [l = |[¥]]*. (25)

Definition 2.1. The trifunction F(.,.,.): Kx Kx K — H and
the operator T is said to be jointly pseudomonotone with respect
to the bifunction ¢(.,.), iff

Fluyv,v — ) + p(v,u) — g(u,u) > 0
= fF(v“u,ufv)+(p(v, u) 7(/)(117 u) = 07
Vu,ve K, veT(u),ueT(v). (2.6)

Definition 2.2. The bifunction ¢(.,.) is said to be skew-symmet-
ric, if,

QD(U, u) - (p(u, V) - QD(Vv u) + (/)(V, V) = Oa VH, veH.

Clearly, if the bifunction ¢(.,.) is linear in both arguments,
then,

(p(ua u) - (P(Z/l, V) - (P(V, u) + (P(V, V) = (,D(I/l —V,u— V) = 07
Yu,v € H,

which shows that the bifunction ¢(.,.) is nonnegative.

Definition 2.3. Vu;,u, € H,w; € T(u;),w, € T(up) the opera-
tor T: H — C(H) is said to be M-Lipschitz continuous, if there
exists a constant ¢ > 0 such that

M(T(u1), T(u2)) < 0||ur — o],

where M(.,.) is the Hausdorff metric on C(H).
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3. Main results

We suggest and analyze a proximal method for generalized
mixed quasi trifunction variational inequalities (2.1) using
the auxiliary principle technique of Glowinski et al. (1981) as
developed by Noor (1999, 2000, 2004a,b,c, 2006, 2009,
2010a,b,c,d,e), Noor and Noor (2010a).

For a given u € K satisfying (2.1), consider the auxiliary
problem of finding a unique w € K, € T(w) such that

pF(w, v —w)+ (w—u,v —w) + @(v,w) — p(w,w) =0,
W eK, (3.1)

where p > 0 is a constant.

We note that if w = u, then clearly w is solution of (2.1).
This observation enables us to suggest and analyze the follow-
ing iterative method for solving (2.1).

Algorithm 3.1. For a given uy € H, compute the approximate
solution u, by the iterative scheme

pF(un+l ) nn+l ,V— un+l) + <un+l — Uy, V — un+l>
+ (v tni1) = Qi1 tn1) 20, Vv €K, (3.2)
My € T(W") : Hnn+l - nnH < M(T(WN-H)7 T(W"))7 (33)

which is known as the proximal method for solving generalized
mixed quasi trifunction variational inequalities (2.1).
If F(u,v,v — u) = B(v,v — u), then Algorithm 3.1 reduces to

Algorithm 3.2. For a given u, € H, compute the approximate
solution u,,, by the iterative scheme

pB(ﬂ;Hla V= un+1) + <l'ln+1 — Uy, V — 14,,+1> —+ (P(V, un+1)
- (p(u"+17 un+1) = 0, Vv S I<7

n, € T(W”) : ||nn+l - ﬂnH < M(T(er]), T(W"))7

for solving the generalized mixed quasi bifunction variational
inequality (2.3).

If F(u,v,v—u) = (v,v —u), where T: K — C(H) is a non-
linear multivalued operator, then Algorithm 3.1 reduce to:

Algorithm 3.3. For a given u, € K, compute the approximate
solution u,,; by the iterative scheme

<PVIn+1 +ul1+] *M,,7V*M,,+|>+(ﬂ(v7u”+]) - (p(un+l7ulx+l) = 07 v vek
N0 € TWa) (M1 — 1)l S M(T(Woi1), T(w)).

Algorithm 3.3 is known as the proximal point algorithm for
solving generalized mixed quasi variational inequalities (2.4).
In a similar way, one can obtain several iterative methods for
equilibrium problems and variational inequalities, see (Noor,
1999, 2000, 2004a,b,c, 2006, 2009, 2010a,b,c.d,e; Noor and
Noor, 2010a,b; Noor et al., 1993, 2010; Noor and Oettli, 1994).

We now study the convergence analysis of Algorithm 3.1
using the technique of Noor (2010d). For the sake of
completeness and to convey an idea of the technique, we
include all the details.

Theorem 3.1. Let F(.,.,.) and T be jointly pseudomonotone with
respect to the bifunction ¢(.,.) and the bifunction ¢(.,.) be skew-
symmetric. If u € K,v € T(u) is a solution of (2.1) and u,,, is
an approximate solution obtained from Algorithm 3.1, then

letr = wll” < otw = ull® = N1 — . (34)
Proof. Let u € K,v € T(u) be a solution of (2.1). Then

F(u,v7v—u)+(p(v,u)—go(u7u) >07 VVEK7

which implies that

_F(V7 Hu— V) + (ﬂ(V7 M) - QD(M7 u) = 07 Vv e K7 ne T(V)v

(3.5)
since F(.,.,.) and T are jointly pseudomonotone with respect
to the bifunction ¢(.,.).

Taking v = u,, in (3.5), we have
7F(un+ly.un+l U — un+l) + (P(unﬂy M) - QD(H, u) > 0 (36)
Now taking v = u in (3.2), we obtain
PF(Mn+17'7n+1 ,U— un+l) + <un+l — Uy, U — un+l> + (p(u7 un+l)
— @(Uns1, Uns1) = 0. (3.7)
From (3.6) and (3.7), we have
<un+1 — Up, U — un+l> > *,DF(UHI } nn+l yu— un+l)
+ (P(Un+1 ; un+l) - QD(% un+l)
+(r’)(un+17 un+1) - QD(% un+1)
- (,D(un+l ’ u) + (,D(u, M)
=0, (3.8)

A\

since the bifunction ¢(.,.) is skew-symmetric.
Setting u = u — u,; and v = u, | — u, in (2.5), we obtain

2
Up+1 ” .

(3.9)

2ty1 = thyytt — 1) = |t — || = |1t = thy1||* = ||t —

Combining (3.8) and (3.9), we have
H”nH - qu < Hun - qu - ||un+l - un\|27

the required result. [

Theorem 3.2. Let H be a finite dimensional space. If u,., is the
approximate  solution obtained from Algorithm 3.1 and
u € K,v € T(u) is a solution of (2.1), then lim,_.u, = u.

Proof. Let u € K be a solution of (2.1). From (3.4), it follows
that the sequence {||# —u,||} is nonincreasing and conse-
quently {u,} is bounded. Also from (3.4), we have

00

D ltwsr =l < o —

n=0
which implies that

lim [ts1 — ] = 0. (3.10)

Let i be a cluster point of {u,} and the subsequence {u,,} of
the sequence {u,} converge to it € H. Replacing u, by u,, in
(3.2) and taking the limit #; — oo and using (3.10), we have
Fi, o,y — i) + o(v,0) — o(id) > 0, WveK,

which implies that i solves the generalized mixed quasi trifunc-
tion variational inequality (2.1) and
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||un+l - unHZ < HuVl - u”z

Thus it follows from the above inequality that the sequence
{u,} has exactly one cluster point # and

lim u, = a.

It remains to show that v € T(«). From (3.3) and using the M-
Lipschitz continuity of the multivalued operator 7, we have

[lvn = vI| < M(T(un), T(w)) < 6[[utn — ull],
which implies that v, — v as n — co. Now consider
d(v, T(u)) < |[v = val| + d(v, T(u))

[|lv = val| + M(T(u,), T(u))

<
<=l +0lluy —u|] — 0asn— o,

where d(v, T(u)) = inf{||v—z|| : z € T(u)}. and 6 > 0 is the M-
Lipschitz continuity constant of the operator 7. From the
above inequality, it follows that d(v, T(u)) = 0. This implies
that v e T(u), since T(u) € C(H). This completes the
proof. O
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