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Abstract In this paper the notion of contraction mappings on probabilistic metric spaces and
probabilistic 2-metric spaces are applied. Several fixed point theorems for such mappings are
proved. One of them Theorem 1.1 is a stronger form of a result due to Sehgal and Bharucho-Reid
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1. Probabilistic metric spaces

The concept of probabilistic metric spaces have been intro-
duced by Menger (1942). In Menger’s theory the concept of a
distance is considered to be statistical or probabilistic, rather
than deterministic. In other words, given any two points p
and ¢ of a metric space, a distribution function F, () is
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introduced. This distribution function has the probability inter-
preted as that distance between p and ¢ is less than (¢ > 0).

For more details about probabilistic metric spaces (cf.
Schweizer and Sklar, 1960, 1983).

Definition 1.1 Sehgal and Bharucho-Reid, 1972. Let R be the
set of real numbers. A mapping F: R — I = [0, 1] is said to be
a distribution function if it is non-decreasing, left continuous
with inf F=0 and Sup F=1. The set of all distribution
functions will be denoted by D™.

Remark 1.1. Since F is non-decreasing and Sup F =1, then
/im F(r)=1

Definition 1.2 Sehgal and Bharucho-Reid, 1972. Let X be a
nonempty set. let ¢ be a mapping from X x X into D". (For
x,y € X we write F,,(¢) instead of &(x,y) € D*.) The pair
(X, &) is said to be a probabilistic metric space (PM-space,
for short) if ¢ satisfies the following axioms:
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(PM-1) F,,(f)=1forallt>0iffx=y

(PM-2) F\,(0) = 0.

(PM-3) F,, = Fy

(PM-4) F,,(t)=1and F,.(s) =1 then F,.(t+s) = 1.

Definition 1.3 Schweizer and Sklar, 1960. A binary operation
%:[0,1] x [0,1] = [0, 1] is called a continuous t-norm if
([0, 1],%) is a topological monoid with unit 1 such that
axb < cxdwhenever a < cand b < dforall a,b,c,d € [0, 1].

Definition 1.4 Sehgal and Bharucho-Reid, 1972. A Menger
space is a triple (X, ¢, *) where (X, &) is PM-space and * is a
t-norm satisfying the following triangle inequality:

(PM-4) F,.(t+5s) = F,,(t) % F,(s) for all x,y,z € X and for
alls > 0,7 > 0.

Schweizer and Sklar (1983) have proved that if (X, £, %) is a
Menger PM-space with a continuous t-norm *, then (X, &, x) is
a Hausdorff topological space with a topology t induced by
the family of neighborhoods {U,(e, 1) : p € X,e > 0,4 > 0},
where U,(e, ) = {x € X : F,;,(¢) > 1 — A}. In this topology a
sequence {x,} in X converges to a point x € X (written
x, — X) if and only if for every € > 0 and 4 > 0, there exists an
integer M(e, A) such that x, € Uy(e, 4) for all n = M(e, 1) i.e,
Fy,+(€) > 1 — 2, whenever n = M(e, 2). The sequence {x,} in
X will be called a Cauchy sequence if for each ¢ > 0,4 > 0,
there is an integer M(e,4) such that Fy . () >1—4,
whenever n,m > M(e, A).

Definition 1.5 Schweizer and Sklar, 1983. A Menger space
(X, &, ) is said to be complete if each Cauchy sequence in X
converges to a point of X.

Viored Radu (2002) proposed the following form for the
contraction condition for self-mapping 7 of a Menger space

(X, &, #):

Fiy (1)

FTx.Ty(Krt) = FX‘)-(I) + Klfr(l — F,\xy(l))

V>0, Vx,yeX

for some r € [0, 1] and some k € (0, 1).

We denote that the above contraction condition by K,-con-
traction condition.

Theorem 1.1. Let (X, &, *) be a complete Menger space. Let T
be a K,.-contraction mapping from X into itself. Then T has a
unique fixed point.

Proof. Let xy be an arbitrary point in X and x,, = T"x, for all
n € N. Since T is a K,-contraction mapping, we have

F\'I.xg(t) :FT.\‘O;T.W ([) = F‘“l ‘; (é) t
Fou () + K7 (1= F (%))
t
=4 ()
P ()
Fw\ =F ¥1,Txy = ‘1~‘2' £
el =P 2 G R (1= Fon ()

o ()
o () (o ()
=
o () () }

+K1—/' 1—
Frgx (ﬁ) +K' (I’F“n-“l (T(Zr)) Frgxy (ﬁ) R <1’F“0 x| (ﬁ))
1
) 0 (&) (%)

T 1 O ()] e \ g
Olxg,xy (F) +K {1 — Olxg.x; (F)}

and so on we get by a simple induction the following

t
Fona () > 42, (7) WmeN, 1>0 (1.1)

Using (PM-4'), for any positive integer p we have,

t t t

Using (1.1), we have

) nm( t )*
‘Cn X1 K" \o X1 pK(n+l)r

F,

X Xn+ p

Since lim Fy,(t) = 1, consequently lim o (1) =1, then
1—00 "

1—00
llmF\M,,H,() >1xlx...x1=1,

i.e.,

llm F,, W”( )=1

It is follows that for all A€ (0,
M(t, 2) such that

Fenyy () >1—=24 Vn,peN,
Consequently, the sequence {x,} is a Cauchy sequence. Since

(X, &, %) is complete, then there exists a point x* € X such that
the sequence {x,} converges to x* i.e.,

Vi € (0, 1)3 an integer M(¢,A) such that F, (1) >1—1
Vi > M(1, 7) (1.2)

1), there exists an integer

n> M(t, 1)

Now we need to prove that Tx* = x*. For this we need to
prove that the sequence {x,} converges to Tx".

From (1.2) we have, for all 4 € (0, 1) there exist an integer
M(t, 2) such that

F‘n X (%)
Fo e () + K71 = Fo e ()]

1 —/AVne Mt i)

Fxn.,TX*(t) = FTX,,,LTx'(t) =

> L=z >
(1—=2)+K"="(})
Then, the sequence {x,} converges to Tx*. By the uniqueness
of the limit, hence Tx* = x*.
Now we prove the uniqueness of the fixed point

Suppose that, there exist y* € X such that x* # y* Tx* = x*
and Ty* = y*. By (PM-1) there exists real number ¢ > 0 and
with 0 < 0 < 1 such that Fy.,-(¢) = 0.

One may notice that 7x* = x* and Ty* = y*, implies that
Tx*=T"'x"=...=Tx" =x* and Ty =Ty =
..=Ty" =y*. It is follows that for each positive integer n
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we have,
and so on we get by a simple induction the following

> Fre oy ()

(1979). The probabilistic 2-metric spaces where first introduced
in Golet (1988a), Golet (1988b) study a fixed point theorem in

0= Fe (1) = Fpp e (1)

= FT”'X*.,T”])”’ (ﬁ) + K<17r) [1 - FT”'.xﬂr"l}’* (ﬁ)]

\%

7 1 1-r) 1
Frn2ys -2 <KT> +K! D2 o -2, (ﬁ)

] 1

) ‘
I'TW—Z X% T2k ﬁ)

+ K71 -
1o
Fpn-ae 2, (ﬁ) AR s o e (ﬁ)

OC(I),

.
" 2x% T 2% (Kz") @) !
o ; Ki-r (1) . :aT"’Zx*.T”Zy* K
‘xjw—zx*’yn—zy* e + OCT”Z.v*,T”Zy* e
n (L

Since /im ", () = 1, then & > 1. This contradicts the selec-
1—00 -

tion of §. Therefore, the fixed point is unique. [J

If we let r = 1 in K,-contraction condition we have the con-
traction condition due Sehgal and Bharucho-Reid (1972) as in
the following definition.

Definition 1.6 Sehgal and Bharucho-Reid, 1972. A mapping T
of a PM-space (X, ¢, «) into itself is said to be contraction
mapping if there exists a constant k € (0, 1), such that for each
x,y € X,

Frx,ry([(l) = Fn)f(t)

The expression Fry 7y (Kt) = Fy,(f) means that the prob-
ability that the distance between the image points Tx, Ty is less
than Kr is at less equal to the probability that the distance
between the points x, y is less than ¢.

If we let r = 1 in Theorem 1.1 we get the following theorem.

Theorem 1.2. Let (X, &, *) be a complete Menger space. Let T
be a mapping from X into itself satisfy the following contraction
condition Fry r,(Kt) = Fy,(t) for each x,y € X. Then T has a
unique fixed point.

Theorem 1.2 is a stronger form of the following theorem.

Theorem 1.3. (Sehgal and Bharucho-Reid, 1972). Let (X, &, )
be a complete Menger space, where * is a continuous t-norm
satisfy the additional condition: x x x = x for each x € [0, 1].

Let T be a mapping from X into itself satisfy the following
contraction condition.

Fry1,(Kt) = F\,(t) for each x,y € X. Then T has a unique
fixed point.

2. Fixed-point theorems in probabilistic 2-metric spaces
Gihler (1963) investigate the concept of 2-metric space is a

natural generalization of a metric space. Some fixed-point the-
orems in 2-metric spaces are obtained in Iseki (1975), Rhoades

)

Frua -2 (K+> TR F g g (ﬁ)

probabilistic 2-metric spaces. In this section we introduce some
fixed-point theorems in probabilistic 2-metric space by using
K,-contraction condition in 2-metric spaces.

Definition 2.1 Géhler, 1963. A 2-metric space is an ordered
pair (X, d) where X is an abstract set and d is a mapping from
X3 into the positive real numbers, i.e., d: X> — RT,d associ-
ates a real number d(x,y,z) with every triple (x,y,z). The
mapping d is assumed to satisfy the following conditions:

(1) For distinct points x,y € X, there exists a point z € X
such that d(x,y,z) # 0,

(2) d(x,y,z) = 0 if at least two of x,y and z are equal,

3) d(x,y,z) =d(x,z,y) =d(y,z,x) Vx,y,z€ X,

4) d(x,y,z) < d(x,y,u) +d(x,u,z) + d(u,y,z)
Vx,y,z,u € X.

The function d is called a 2-metric for the space X and the
pair (X,d) denotes a 2-metric space. It has shown by Géhler
(1963) that a 2-metric d is non-negative and although d is a
continuous function of any one of its three arguments, it need
not be continuous in two arguments. A 2-metric d which is
continuous in all of its arguments is said to be continuous.
Geometrically a 2-metric d(x, y, z) represents the area of a tri-
angle with vertices x,y and z.

Definition 2.2 Golet, 1995. A probabilistic 2-metric space
(P2M-space, for short) is an order pair (X, &) where X is an
abstract set and ¢ is a mapping from X* into DT. In other
words, &(x,y,z) € DT, for all (x,y,z) € X°, We shall denote
the distribution function &(x,y,z) by Fy ., where the symbol
F.,-(¢) will denote the value of Fy,. at the real number .
The function F,,. are assumed to satisfy the following
conditions.

(P2M-1) F,,.(t) =1 for all ¢ > 0 iff at least two of the three
points x,y,z are equal, F,,.(r)=0 for all
t<0Vx,yzeX.

(P2M-2) For distinct points x,y € X there exists a point
z € X such that F, ,.(f) # 1 if t > 0.

(PZM_S) Fx.y\z = Fx‘z,y = F,v,z‘x-

(P2M-4) F.,.(t1) =1,F,,.(t2) =1 and F,,.(t3) =1 then
Fx,y,z(tl + tz + l3) = 1
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Example 2.1.
—L—— if >0
5 — — t+min{|x—y|.|x—z|,[y—z|} * 1
Let f(x,},z)(t) Fxh\f.Z(t) { 0, Y i <0

for all (x,y,z) € X*. Then (X, ) is P2M-space.

Definition 2.3 Golet, 1995. A mapping *: [0, 1]* — [0, 1] is
said to be 2-t-norm if

Q2T-1) ax1x1=a,

(2T-2) axbxc=axcxb=cxbxa,

(2T-3) axbxc<dxexf,ifa<db<eandc<f,

(2T-4) (axbxc)xdxe=ax(bxcxd)xe=axbx (cx
dxe) forall a,b,c,d,e €[0,1].

Definition 2.4 Golet, 1995. A 2-Menger space is a triple
(X, &, %) where (X, &) is P2M-space, and * is a 2-t-norm satis-
fying the following triangle inequality:

(PzM'4/) Fx,y,z(zl + 6+ [3) = Fx,y,w(tl) * Fx.w,z(ZZ)*
Foy:(3) Vx,py,z,we X

Definition 2.5. Let (X, &, %) be a 2-Menger with a continuous 2-
t-norm . The sequence {x,} in X is said to be converges to a
point x € X if for every e > 0 and 4 > 0, there exists an integer
M(e, A) such that F, ,,(e) > 1 — A, whenever n = M(e, 1)

Definition 2.6. The sequence {x,} in X is said to be Cauchy
sequence if for every e > 0 and 1 > 0, there exists an integer
M(e, A) such that F, . ,(¢) > 1— 2, whenever n,m > M(e, 1)

Definition 2.7. A 2-Menger space (X, ¢, *) will be complete if
each Cauchy sequence in X converges to a point of X.

Now, we introduce some fixed-point theorems in P2M-
space analogous to Theorem 1.1 as the following.

Theorem 2.1. Let (X, &, ) be a complete 2-Menger space. Let T
be a mapping from X into itself. satisfying the following
condition:

E\‘,)an ( t )
EV,}’,H(Z) + Klir(l - EV,}’,LI([))

FTxA,T}‘,a(KrZ) Z Vl > 07

Vx,y,a e X

for some r € [0, 1] and some k € (0,1). Then T has a unique
fixed point.

Proof. Let x, be an arbitrary point in X and x, = T"x, for all
n € N. From the given condition, we have

F. . ”([) —Fro g “(f) > F-\‘v»n\‘lv“ (ﬁ) — G((,]) (L)
X1 ,X2, EOWATR Fuoa (%) +K17"(l —Fora (ﬁ)) X014 \ KT
F\'l-\':-“ (ﬁ)

Fopya8) = Fray resal) 2
2sa(t) = Fra 1t Faoa@) +K (1= Fy 4 u()

0 (o
‘(vc).n a (Krz) 2 t
A = Oy xa\ 2
i (55) + K 1=l (55 K

and so on we get by a simple induction the following
t
E\f,,.x,,-l,a(t) > a.sci),m ,a (ﬁ) vn € Na 1> 0 (21)

Now, we prove that the sequence {x,} is a Cauchy sequence.
For any 7> 0 and a natural number p > 2. One can write
t:l0+t1+t2+l3+...+[2p,2+[2p,1+lkp where ty =
11— k), 1) = th(1 — k), 1 = th(1 — k), 15 = kP (1 — k),
v by = 7 (1= R) and 1, = kT (1- &), e,
f= 11— 1) + tk'?(l _ k%) + zk(l - k%) + tk%(l - k%)+
n—1 1 2p—1
ok (1 )

for any positive integer p we have,
Frxipa(t) 2 Frya(t0) % Fr vy (0) % Fr0a(02)
* E\'n+l~-\'n+2~-\’u+p([3) koK FY:I+,;—2~-"u+p—IJI(IZP*Z)

P
* FY:1+/7—2=xr:+/r—l Xntp (tZP— 1 ) * F‘Cn-p—l +Xn >p-ﬂ([k )

Using (2.1), we have

to 1 . 1)
F\‘n-,XuApﬂ(t) > a(vlz)),\l a <Knr) * OCEC’(,])YI Xntp (Klﬂ‘) * O(.(Y:l,,xl).a K(,H])r
t tr,_
(n+1) 3 (n+p-2) 2p—2
* Uy ) (K(n+1)r) Ko KLy Ka (K(ﬂ+l7*2)"
% Cx(n+p—2) by-1 % O((n+p—1) tK”
X0,X1:Xn+p K(n+p—2)r X0,X1,d K(n+p—l)r

Since lim F,,(t) = 1, consequently lim o®  (¢) =1, then
1—00 - t—00

(1 - k%) + 1k”. Using (P2M-4'),

X0,X1,a4
lim EWV\.””,J,(Z) >1xl*x...x1=1,
1—0o0
ie.,
lim Fy, ., a(t) =1
1—0o0

It is follows that for all A€ (0, 1), there exists an integer
M(¢, A) such that

Forpat) >1 =4 Vo,pe N, n>M(,7).

This means that, the sequence {x,} is a Cauchy sequence.
Since the 2-Menger space (X, &, x) is complete, then there exists
a point x* € X such that the sequence {x,} converges to x* i.e.,

Vi€ (0, 1)3 an integer M(¢, A)s. t. Fy, v+ 4(2)

>1—AVn = M(t,A) (2.2)
Now we need to prove that Tx* = x*. For this we need to
prove that the sequence {xn} converges to Tx".

From (2.2) we have, for all 2 € (0, 1) there exist an integer
M(t, A) such that

E\‘,,.Tx*,a(t) = FTxﬂ I,T,\‘*,a(t)

> Fyyyva(f)
FX”*"XX-” (%) + KI*V [] - EVn—],X*.(I (#)]
1—
> TR A e M)

Then, the sequence {x,} converges to Tx*. By the uniqueness
of the limit, then Tx* = x*.
Now we prove the uniqueness of the fixed point.
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Suppose that, there exist y* € X such that x* # y* Tx* = x*
and Ty* = y*.

By (P2M-2) there exists real number >0 and ¢ with
0 <9 < 1 such that Fy e o(t) =0 V a # x* and a # y*.

One may notice that 7x* = x* and Ty* = y*, implies that
Tx=T"'x=...=Tx*=x"and Ty =T"y"=... =
Ty* = y*. It is follows that for each positive integer » we have,
0= E\'*.y"‘a([) = FT“X*.T’)**‘a(t)

- Frote poye ()
F]—n—lu\,*_'rz—]yx.a (%) —+ K(lfr) [1 - FTI*]X*'Tﬂflyx‘a (%)]
_ 40 !
- aT’”l.\‘*.T”’ly*,tt <F)
OC(Tl")’z.\"‘,7"”2}"‘.a (ﬁ)

0 - 1=rg (1) -
ajn—zx*’yn—zy*’a Iei + K a]’W*ZX*‘Tﬂ*Zy*,a Iei

_ r
70{7’”2)&.7“’”2}'*.:1 KZr

and so on we get by a simple induction the following

n t
02 1l u(5)

Since /fim o () =1, then & > 1. This contradicts the

Xt y*ta

selection of d. Therefore, the fixed point is unique. [

If we let r = 1 in Theorem 2.1 we get the following theorem.

Theorem 2.2. Let (X, &, %) be a complete 2-Menger space. Let T
be a mapping from X into itself satisfy the following contraction
condition

Fromya(Kt) = Fy, () V>0, ¥x,y,a € X for some K € (0, 1).

Then T has a unique fixed point.

3. Conclusion

Fixed-point theorems have proved to be a useful instrument in
many applied areas such as mathematical economics, non-
cooperative game theory, dynamic optimization and stochastic
games, functional analysis, variational calculus and etc. How-
ever, for many practical situations, the conditions in the fixed-
point theorems are too strong, so there is then no guarantee
that a fixed point exists. Menger introduced the notion of a
probabilistic metric space in 1942 and since then the theory

of probabilistic metric space has developed in many directions.
The idea of Menger was to use distribution functions instead
of non-negative real numbers as values of the metric. The no-
tion of a probabilistic 2-metric space corresponds to situations
when we do not know exactly the distance between three
points, but we know probabilities of possible values of this dis-
tance. Such a probabilistic generalization of 2-metric spaces
appears to be interest in the investigation of physical quantities
and physiological threshold. It is also of fundamental impor-
tance in probabilistic functional analysis, non-linear analysis
and applications (Chang et al., 1996, 2001; Khamsi and
Kreinovich, 1996; Schweizer et al., 1998).
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