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1. Introduction

After Zadeh (1965) has established the fundamental concept of
fuzzy sets, numerous generalizations of fuzzy sets are discussed,
for instance, interval valued fuzzy sets, intuitionistic fuzzy sets,
hesitant fuzzy sets and fuzzy multisets, etc. In 1994, Zhang
(1994) generalized the idea of fuzzy sets and gave the notion of
bipolar fuzzy sets on a given set X as a map which associates each
element of X to a real number in the interval [-1, 1]. In many prob-
lems, bipolar information are used, for instance, cooperation and
competition, common interests and conflict of interests, friendship
and hostility are the two-sided knowledge. In 2014, Chen et al.
(2014) extended the concept of bipolar fuzzy sets to obtain the
notion of m-polar fuzzy sets and showed that bipolar fuzzy sets
and 2-polar fuzzy sets are cryptomorphic mathematical tools.
The idea behind this is that multipolar information (not just bipo-
lar information which corresponds to two valued logic) arise
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because data for a real life complicated problems are sometimes
come from n factors (n > 2). For example, Malaysia is a good coun-
try. The truth value of this statement may not be a real number in
[0, 1]. Being a good country may have several components: good in
tourism, good in public transport system, good in political aware-
ness, etc. Each component may be a real number in [0, 1]. If n is the
number of such components under consideration, then the truth
value of the fuzzy statement is a n-tuple of real numbers in [0,
1], that is, an element of [0, 1]".

The notion of logical algebras: BCK-algebras was introduced by
Imai and [séki (1966) as a generalization of both classical and non-
classical propositional calculi. In the same year, Iséki (1966) intro-
duced BCl-algebras as a super class of the class of BCK-algebras.
Meng (1991) introduced the concept of commutative ideals in
BCK-algebras, and investigated some important results. Xi (1991)
applied the concept of fuzzy sets to BCK-algebras. Jun and Roh
(1994) studied fuzzy commutative ideals in BCK-algebras. Since
then, the concepts and results of BCK/BCI-algebras have been
developed to the fuzzy and fuzzy soft setting frames (Al-
Masarwah and Ahmad, 2018a,b,c; Jun et al,, 2013, 2014, 2017a,b,
2018a,b; Kim et al., 2018; Lee, 2009; Lee et al., 2012; Muhiuddin
et al.,, 2017, 2018; Song et al., 2017; Zhang et al., 2017).

Recently, the notion of m-polar fuzzy set theory was applied to
graph theory (Akram and Sarwar, 2018), matroid theory (Sarwar
and Akram, 2017), and some algebraic structures such as groups
(Farooq et al., 2016), Lie subalgebras (Akram et al., 2016) and Lie
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ideals (Akram and Farooq, 2016). In this paper, we discuss the
notion of m-polar fuzzy sets with an application to BCK/BCI-
algebras. We introduce the notions of m-polar fuzzy subalgebras
and m-polar fuzzy (closed, commutative) ideals, and then we
investigate several properties. We give characterizations of m-
polar fuzzy subalgebras and m-polar fuzzy (commutative) ideals.
We discuss relations between m-polar fuzzy subalgebras, m-polar
fuzzy ideals and m-polar fuzzy commutative ideals.

2. Preliminaries

We first recall some elementary aspects which are used to pre-
sent the paper. Throughout this paper, X always denotes a BCK/BCI-
algebra without any specifications.

Definition 2.1. Imai and Iséki (1966), Iséki (1966) An algebra
(X;%,0) of type (2, 0) is called a BCl-algebra if it satisfies the
following axioms:

(M) (x*y) = (x%2))x (zxy) =0,
(I (x*(x*xy))xy =0,
(II) x*x =0,
(IV) xxy=0and y xx =0 imply x = y.

for all x,y,z € X. If a BCl-algebra X satisfies 0 + x = 0 for all x € X,
then X is called a BCK-algebra. We can define a partial ordering <
by
(xeX)(x<y<=xxy=0).

In a BCK/BCI-algebra X, the following hold:

(Vx € X)(x %0 =X), (1)
(Vx,y,ze X)(x*y) xz= (X+2) xY). (2)

A BCK-algebra X is said to be commutative if it satisfies the follow-
ing equality:

(vx.y € X)(xRy =y X)), 3)
where XAy = X * (X% ¥).

Definition 2.2. Xi (1991) A non-empty subset I of a BCK/BCI-
algebra X is called a subalgebra of X if x xy € I for all x,y € L.

Definition 2.3. Xi (1991) A non-empty subset S of a BCK/BCI-
algebra X is called an ideal of X if it satisfies the following:

0€es, (4)
(Vx,y e X)(xxyeS,yeS=x¢cS). (5)

Definition 2.4. Meng (1991) A non-empty subset S of a BCK-
algebra X is called a commutative ideal of X if it satisfies (4) and

(Vx,y,zeX)((x*y)*zeS,zeS:>X*(yﬁx)eS). (6)

Lemma 2.5. Meng and Jun (1994) An ideal S of a BCK-algebra X is
commutative if and only if the following assertion is valid:

(Vx,yeX)(x*yGS:Mc*(ny)eS). (7)

We refer the reader to the books (Huang, 2006; Meng and Jun,
1994) and the paper (Iséki and Tanaka, 1978) for further informa-
tion regarding BCK/BCl-algebras.

Definition 2.6. Chen et al. (2014) An m-polar fuzzy set 0 onanon-

empty set X is a mapping 0:X— [0,1)™. The membership value of
every element x € X is denoted by

@(X) = (p] o Q(X)vPZ o Q(X), ce 7pm o Q(X))

where p; o Q : [0,1]™ — [0, 1] is defined the i-th projection mapping.

Note that [0, 1]™ (m-th-power of [0,1]) is considered as a poset
with the pointwise order <, where m is an arbitrary ordinal num-
ber (we make an appointment that m = {njn < m} when m > 0), <
is defined by

X<y <= pi(x) <pi(y)

foreachi e m (x,y € [0,1]™),and p; : [0,1]" — [0, 1] is the i-th projec-
tionmapping (i € m).Itiseasy to seethat 0 = (0,0,...,0)isthe small-
estvaluein [0,1]™and T = (1,1,...,1) is the largest value in [0, 1]".

3. m-Polar fuzzy subalgebras and (commutative) ideals

In this section, we introduce the notions of m-polar fuzzy sub-
algebras, m-polar fuzzy ideals and m-polar fuzzy commutative ide-
als in BCK/BCl-algebras and investigate some of their related
properties.

Definition 3.1. An m-polar fuzzy set Q of X is called an m-polar
fuzzy subalgebra if the following assertion is valid:

(vx,y € X)(Qx+y) > inf{Qx), Q) }). (®)
That is,
(V.Y €X)(pro Qx+y) > inf{pio Q(x),p 0 QW)})

foreachi=1,2,...,m.

Example 3.2. Let X = {0,a,b,c} be a BCK-algebra with the Cayley
table which is appeared in Table 1.

Define a 4-polar fuzzy set Q : X — [0, 1]* by:

(0.3,0.4,0.5,0.8), if x—0
- ](02,03,04,03), ifx=a
Q=1 01,02,03,02), ifx=b
(0.2,0.3,0.5,0.5), if x —c.

It is routine to verify that Qisa 4-polar fuzzy subalgebra of X.

m-polar  fuzzy  set 0 on X and
om) € [0,1]", the set

For any
0 =(01,02,...,

Qm = {x eXIQ(x) = a}
is called the ¢-level cut set of Q and the set
@Sm - {x eX|0(x) > a}

is called the strong &-level cut set of Q.

Table 1
Cayley table for the x-operation.

*
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Theorem 3.3. Let Q be an m-polar fuzzy set of X. Then Q is an m-
polar fuzzy subalgebra of X if and only if Q (4] # ¢ is a subalgebra of X

forall ¢ = (061,02,...,0m) € [0,1]™.

Proof. Assume that Q is an m-polar fuzzy subalgebra of X and let
6 € [0,1])" be such that Qm #“ 7. letx,yc Qm . Then Q(x) >0
and Q(y)>a. It from (8) that Q(x+y) >
inf{@(x), Q(y)} > 0,s0thatxxy € Qm Hence, Qm is a subal-
gebra of X.

Conversely, assume that Q 4] is a subalgebra of X. Suppose that

follows

there exist a,b € X such that Q(a*b) < inf{@(a),@(b)}. Then
there o = (0q,0,...,0m) €[0,1]" such that
Qaxb)y<d< mf{ (a), Q(b)}. It follows that a,b e Qm but

exists

axb ¢ Qm This is a contradiction, and so Q()uy);

inf{@(x), Q(y)} for all x,y € X. Therefore Q is an m-polar fuzzy
subalgebra of X. O

Corollary 34. If 0 is an m-polar fuzzy subalgebra of X, then
QSH # (& is a subalgebra of X for all ¢ < [0,1]™.

Proof. Straightforward. O

Lemma 3.5. Every m-polar fuzzy subalgebra Q of X satisfies the fol-
lowing inequality:
(vxeX)(Q0) > Q). 9)

Proof. Note that x+x=0 for all x € X. Using (8), we have

Q(O) = @(X*X) > inf{@(x) Q(x)} = @(x) forallxeX. O

Proposition 3.6. If every m-polar fuzzy subalgebra Q of X satisfies
the following inequality:

(vxy €X)(Qx+y) = QW) (10)
then Q (x) = Q(0).

Proof. Let xcX. Using (1) and (10), we have
Q(x) = Q(x x0) > Q(O). It follows from Lemma 3.5 that
Q%) =Q(0). O

Definition 3.7. An m-polar fuzzy set Q of X is called an m-polar
fuzzy ideal if the following assertion is valid:

(x.y € X)(Q0) > Q) > inf{Qx+y), Q) })- (1)
That is,

(vx.y €X)(pie Q(0) = pie Q) > inf{pio Q(x+y).p;0 QW)})

foreachi=1,2,....m

Table 2
Cayley table for the x-operation.

0

WN =9 o=
wN =9 O

wN =00 |a
N = O WwWWw|=
— O WNDN [N
O WN = =W

Example 3.8. Let X = {0,a, 1,2, 3} be a BCI-algebra with the Cayley
table which is appeared in Table 2.

Define a 4-polar fuzzy set Q:X— [0,1]* by:

(0.5,0.6,06,0.7), if x=0
~ 04,0505,07), ifx=a
Q=1 " h ]

(02,03,03,02), ifx—1,3

(03,0.4,04,0.5), if x—2

It is routine to verify that Qisa 4-polar fuzzy ideal of X.

Proposition 3.9. If Q is an m-polar fuzzy ideal of X, then
(vxyeX)(x<y=Q = Q). (12)

Proof. Let x,y € X be such that x <y Then x+y =0, and so
Q(x) > inf{ (x*y), }:mf{ (y)} Q(y). This com-
pletes the proof. O

Proposition 3.10. Let Q bean m-polar fuzzy ideal of X. Then the fol-
lowing are equivalent:

(i) (vxy € X)(Qx+y) = Qx <) +)),
(if) (vx,y.2 € X)(Q(x 2) x (¥ +2)) > Q(x+y) +2)).

Proof. Assume that (i) is valid and let x,y,z € X. Since

(x*x(y*x2)x2)xz2=((xx2) % (Y *2))*xZ
<(xxY)xz.

It follows from Proposition 3.9 that Q(((x * Z) *
Q((x xY) * ). Using (2) and (i), we have

Q(x*2) * (y*2))

¥=2)x2) 2

(x* (yx2)) x2)
(x*x(y*2)x2)*2)
>Q((x+y)*2).

Conversely, suppose that (ii) holds. If we use z instead of y in (ii),
then

-Q
>Q

Q(x+2) =Q((x2) % 0)
—Q((x*2)* (z%2))
>Q((x+2) +2)

for all x,z € X by using (Ill) and (1). O

Theorem 3.11. Let Q be an m-polar fuzzy set of X. Then Q is an m-
polar fuzzy ideal of X if and only if it satisfies

(Vo €[0,1] )( H#Q:>Q[}1sanidealofx>. (13)
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Proof. Assume that Q is an m-polar fuzzy ideal of X. Let

0 =(01,02,...,0,) €[0,1]™ be such that QH # . Obviously,

OeQ[ ] Let x,y € X be suchthatX*yeQ[ ] and y € @m.Then

Qx+y)>6¢ and Q(y) = It follows from (11) that
Qx) > mf{Q(x*y) Q(y)} &, so that x € Q[ |- Hence, Q[?] is
n ideal of X.

Conversely, suppose that (13) is valid. If there exists h € X such
that Q(0)<Q(h), then Q(0)<&,<Q(h) for some
Gn=(On,Ohy,...,0n,) €[0,1]". Then 0 ¢ Q[E,,] which is a con-
tradiction. Hence Q( 0) > Q( x) for all x € X. Now, assume that
there exist h,q € X such that Q( < 1nf{Q hxq),Q } Then
there exists B= (B1, B2y, Bm) €10,1]™ such that
Q( Yy<B< 1nf{Q (hxq), Q( )}. It follows that hxq e Qm and

€ Qm, but h ¢ Qm. This is
Q(x) > inf{@(x*y),@(y)} for all x,y € X. Therefore, Q is an m-
polar fuzzy ideal of X. O

impossible, and so

Corollary 3.12. If Q isan m-polar fuzzy ideal of X, then QSH # s
an ideal of X for all ¢ € [0,1]™.

Proof. Straightforward. O

For any element  of X, we consider the set
Xy = {x eX|Q(x) > Q(w)}. (14)

Obviously, w € X, and so X,, is a non-empty subset of X.

Theorem 3.13. Let w be an element of X. If Q is an m-polar fuzzy
ideal of X, then the set X, is an ideal of X.

Proof. Obviously, 0€ X, by (11). Let x,y € X be such that
x+y€X, and y € X,,. Then Q(x+y) > Q(w) and Q(y) > Q(w).
Since Q is an m-polar fuzzy ideal of X, it follows from (11) that
Q(x) > inf{@(x*y)7é(y)} > Q(a)), so that x € X,,. Hence, X,, is
an ideal of X. O

Proposition 3.14. Let Q be an m-polar fuzzy ideal of X. If X satisfies
the following assertion:

(Vx,y,ze X)(xxy < 2), (15)

then Q(x) > inf{@(y),@(z)}for all x,y,z € X.

Proof. Assume that (15) is wvalid in X. Then
Qx+y) > inf {Q((x+)+2),Q@)} = inf {Q(0),Q(2) } = Q(2) for
all x,y,zeX. It follows that Q(x) > inf{@(x*y)., Q(y)} >

inf {Q(y) Q(z)} for all x,y,z € X. This completes the proof. O

Theorem 3.15. For any BCK-algebra X, every m-polar fuzzy ideal is
an m-polar fuzzy subalgebra.

Proof. Let Q be an m-polar fuzzy ideal of a BCK-algebra X and let
X,y € X. Then

Qx+y) >

Therefore, Q is an m-polar fuzzy subalgebra of X. O

The converse of Theorem 3.15 is not true in general as seen in
the following example.

Example 3.16. Consider a BCK-algebra X = {0,a,b,c} which is
given in Example 3.2. Define a 3-polar fuzzy set Q : X — 0,1 by:
~ (0.3,0.7,0.8), if x=0,b

() = { (0.1,0.4,0.5), if x=a,c.

Then Q is a 3-polar fuzzy subalgebra of X. But it is not a 3-polar

fuzzy ideal of X, since Q(a) =(0.1,04,0.5) < (0.3,0.7,0.8) =

inf{@(a «b), Q(b)}.

Theorem 3.15 is not valid in a BCl-algebra, that is, if X is a BCI-
algebra, then there is an m-polar fuzzy ideal that is not an m-polar
fuzzy subalgebra, as seen in the following example.

Example 3.17. Consider a BCl-algebra X =Y x Z, where (Y, x,0) is
a BCl-algebra and (7, —, 0) is the adjoint BCI-algebra of the additive
group (Z,+,0) of integers (see Huang, 2006). Let A=Y x N, where
N is the set of nonnegative integers. Define an m-polar fuzzy set

Q : X —[0,1]™ as follows:
a( 7{(0.7,0.7,...,0.7), xcA
~1(02,02,...,02), x ¢ A

Then Q is an m-polar fuzzy ideal of X. If we take x = (0,0) and
y=(0,1), then z=xxy = (0,0) % (0,1) = (0,—1), and so Q (x*y) =
Q(2)=(02,02,...,02) < (0.7,0.7,...,0.7) = inf{@(x), Q(y)}.

Therefore, Q is not an m-polar fuzzy subalgebra of X.

Definition 3.18. Let X be a BCl-algebra. An m-polar fuzzy ideal Q of
X is said to be closed if it is also an m-polar fuzzy subalgebra of X.

Example 3.19. Consider a B(Cl-algebra X = {0,a,1,2,3} which is
given in Example 3.8. Define a 4-polar fuzzy set Q : X — [0,1]* by:

(0.5,0.6,0.8,0.9), if x=0
Q(x)={ (0.3,04,0.6,0.7), ifx=a
(0.2,03,0.5,0.6), if x=1,2,3.

Then Q is a closed 4-polar fuzzy ideal of X.

Theorem 3.20. Let X be a BCl-algebra and let Q be an m-polar
fuzzy set of X given as follows:

PN t=(t1,ts,....tm), ifxeX
Qo= g L= (et -
S =(51,S2,---,Sm), Otherwise
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where t,5 € [0,1)™ with >3 and X, = {x € X|0 < x}. Then Q is a
closed m-polar fuzzy ideal of X.

Proof. Since 0 € X,, we have Q(0) =t = (t1,t2,...,ty) >
all x e X. Let x,y € X. If x € X, then
QW) == (b6, t) > inf{ Q). Q) .

Assume that x ¢ X,.If xxyeX,, theny ¢ X,; and if y € X,, then
x*y ¢ X..In either case, we get

su) = inf{Q(x+y), Q) }-

For any x,y € X, if any one of x and y does not belong to X, then
QX*Y) =5 =(51.5,...,5m) = inf{@(x),@(y)}.

If x,y e X, thenxxy e X,, and so

Qx*y) =T = (t1,tp.. bm) = inf{@(x), Q(y)}.

()for

Q) =3 =

(51,825,

Therefore, Q is a closed m-polar fuzzy ideal of X. O

Proposition 3.21. Every closed m-polar fuzzy ideal Q of a BCI-
algebra X satisfies the following assertion:

(Vx eX)(Q(O*x) > Q(x)). (16)

0} =

Proof. For any x <X, we have Q(O*x)

inf{Q(x), Q) } = Q)

Proposition 3.22. Let X be a BCl-algebra. If Q is an m-polar fuzzy

ideal of X that satisfies the condition (16), then 0 isan m-polar fuzzy
subalgebra and hence is a closed m-polar fuzzy ideal of X.

> inf{Q(0).Q
. This completes the proof. O

Proof. Note that (x xy) «+x < 0y for all x,y € X. Using Proposition
3.14 and the condition of Eq. (16), we have

Qx+y) > inf{Q), Q0 +y)} > inf{QX.QW)}.

Hence Q is an m-polar fuzzy subalgebra of X and therefore Qisa
closed m-polar fuzzy ideal of X. O

Definition 3.23. Let X be a BCK-algebra. An m-polar fuzzy set Q of
X is called an m-polar fuzzy commutative ideal of X if the following
assertions are valid:

(vxeX)(Q) > Qw), (17)
(Vx,y,zeX)(Q(x* (ny)) > inf{@((x*y)*z),ﬁ(z)}>. (18)
That is,

(xeX)(poQ(0) > poQ),

(Vx,y,z€X) ( l Q( ( Ax )) inf{pioé((x*y)*z),pioé(z)})

foreachi=1,2,...,m.

Example 3.24. Consider a BCK-algebra X = {0,a,b,c} which is

given in Example 3.2. Define an m-polar fuzzy set 0:X— 0,1
by:

o= (00,00,...,0m), ifXx=0
QX) =13 B =(B1.bo-- Bn). ifx=a
V= 1V2 - Vm), If X=Db,c,

where @, 8,7 €[0,1]™ and @ > § > 7. It is routine to verify that Q is
an m-polar fuzzy commutative ideal of X.

Theorem 3.25. Every m-polar fuzzy commutative ideal of a BCK-
algebra X is an m-polar fuzzy ideal of X.

Proof. Let Q be an m-polar fuzzy commutative ideal of a BCK-
algebra X. For any x,z € X, we have

Q(x) :Q(x* (OWX))
> inf{@((x* 0) 2), Q(z)}
:inf{@(x +2), Q(z)}.

Hence, Q is an m-polar fuzzy ideal of X. O

The converse of Theorem 3.25 is not true in general as seen in
the following example.

Example 3.26. Let X = {0, 1,2,3,4} be a set with the Cayley table
which is appeared in Table 3.
Then X is a BCK-algebra Meng (1991). Define an m-polar fuzzy

setQ:X — [0,1)™ by:
o= (01,0,...,0m), ifx=0
QW) = B =(Br. o Bu). ifx=1
V=1 V2 s Vm), I x=2,3,4,

where @, 5,7 €[0,1™ and @ > § > 7. Then Q is an m-polar fuzzy
ideal of X. But it is not an m-polar fuzzy commutative ideal of X,

since Q(z . (3X2)) <inf {Q((z +3)%0), Q(O)}.

We consider characterizations of an m-polar fuzzy commutative
ideal of a BCK-algebra X.

Theorem 3.27. Let Q be an m-polar fuzzy ideal of a BCK-algebra X.

Then Q is an m-polar fuzzy commutative ideal of X if and only if the
following assertion is valid:

(Vx,y eX)(Q<X* (ny)) > Q(x*y)). (19)

Proof. Assume that Q is an m-polar fuzzy commutative ideal of a
BCK-algebra X. Then assertion (19) is by taking z=0 in (18) and
using (1) and (17); then we get (19).

Conversely, suppose that an m-polar fuzzy ideal Q of a BCK-
algebra X satisfies the condition (19). Then

(vx.y.2€X)(Qx+y) > inf {Q((x+y) «2),Q@)}) (20)

Table 3
Cayley table for the x-operation.

*

B wN = o

AW —=O|O
A WNOO|=
A WO =O|N
wWwoooo|w
O OO OO |hn
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It follows that the condition (18) is induced by (19) and (20). There-
fore, Q is an m-polar fuzzy commutative ideal of X. O

Theorem 3.28. In a commutative BCK-algebra X, every m-polar fuzzy
ideal is an m-polar fuzzy commutative ideal.

Proof. Let Q be an m-polar fuzzy ideal of a commutative
BCK-algebra X. Using (I) and (2), we have

((x* (yx’x)) + ((x+y) *z)) *z:<<x* ( _’x)> *z> s (x%y) *2)

and so ((x * (yﬁx)) (X %) *z)) xz=0, ie, (x * (ny))*
((xxy)xz) <z for all x,y,z € X. Since Q is an m-polar fuzzy ideal,
3.14, Q(x* (y?x)) >
inf{@((x xY) x 2), Q(z)}. Hence, Q is an m-polar fuzzy commutative
idealof X. O

it follows from  Proposition

Theorem 3.29. Let Q be an m-polar fuzzy set of a BCK-algebra X.
Then Q is an m-polar fuzzy commutative ideal of X if and only if it

satisfies
(Vo €0,1]™) (Qm # O = Qm is a commutative ideal of X).
1)

Proof. Let Q be an m-polar fuzzy commutative ideal of X. Then Q
is an m-polar fuzzy ideal of X, and so every non-empty g-level cut

set Qm of Q is an ideal of X. Let x,¥,z€ X be such that
(x*y)*zeé[g] and ze@m. Then Q((X*y)*z)zﬁ and

Q(z) > &. It follows from (18) that
Q(x+ (yAx)) = inf{Q(x+y)+2,Q=)} > 3,

a

so that x <y7x> € @[ ik Hence Qm is a commutative ideal of X.

Conversely, suppose that (21) is valid. Obviously, Q(0) > Q(x)
for all xeX. Let Q((xxy)*2z)=08 = (01,02,...,0m) and
Q(z) =B=(By,Pa,-..,Bn) for all x,y,z € X. Then (x+y) xz € Qm

and z € Qm Without loss of generality, we may assume that

% < B. Then Qm gém and so zeQH. Since Qm is a

o o

commutative ideal of X by hypothesis, we obtain that

X (ny) €Q B and so
Q(x x (ny)) >0 = inf{&ﬁ} = inf {Q((x*y) «2), Q(z)}.
Therefore, Q is an m-polar fuzzy commutative ideal of X. O

Corollary 3.30. If Q is an m-polar fuzzy commutative ideal of a
BCK-algebra X, then QSH # @ is a commutative ideal of X for all
ag

& e[0,1]™

Proof. Straightforward. O

Theorem 3.31. Let X be a BCK-algebra and let f : X — X be an injec-
tive mapping. Given an m-polar fuzzy set Q of X, the following are
equivalent:

(1) Q is an m-polar fuzzy commutative ideal of X, satisfying the
following condition:

(vx e X)(QUfx) = Q) (22)

(2) 0 5] is a communicative ideal of Q, satisfying the following

condition:
1(2p) =) @3)

Proof. Let Q be an m-polar fuzzy commutative ideal of X, satisfy-
ing condition (22). Then Qm is a communicative ideal of Q by
Theorem 3.29. Let G = (01,02,...,0m) elm(é) and x e Qm
Then Q(f(x)) = Q(x) > &. Thus f(x) € Qm, which shows that
Then

such that f(y)=x.

o

Q) = Q(f(y)) = Q(x) > &, which implies that y e Qm Thus,

f(@m)gém Let yeX be

x=f(y) ef(Qm), and so Qm gf(@m) Therefore (23) is
valid.

Conversely, assume that Qm is a commutative ideal of @
satisfying the condition (23). Then Q is an m-polar fuzzy commu-

tative ideal of X by Theorem 3.29. Let x € X be such that Q(x) =0.
Note that

Q(x):ﬁw:)xeé[]andx¢ Am for all o < 7.

It follows from (23) that f(x) e Q[g] Hence, Q(f(x)) > . Let

v = @(f(x)). If ¢ <7, then f(x) € Qm :f<ém> which implies

from the injectivity of f that x € QH a contradiction. Hence,

)
7

Qf(x) =0 = Q(x). This completes the proof. O

Theorem 3.32. Let w be an element of a BCK-algebra X. If Q is an m-
polar fuzzy commutative ideal of X, the set X,, in Eq. (14) is a commu-
tative ideal of X.

Proof. If Q is an m-polar fuzzy commutative ideal of a BCK-algebra
X, then it is an m-polar fuzzy ideal of X and so X, is an ideal of X by

Theorem 3.13. Letx xy € X, forany x,y € X. Then Q(x *Y) = Q(w).
It follows from Theorem 3.27 that

Q(X* (y7\x)) > Q(x*y) > Q(w).

Hence, x * (y7x> € X, and therefore X, is a commutative ideal of
X by Lemma 2.5. O

Theorem 3.33. Any commutative ideal of a BCK-algebra X can be
realized as level commutative ideals of some m-polar fuzzy commuta-
tive ideal of X.
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Proof. Suppose C is a commutative ideal of BCK-algebra X and let
Q be an m-polar fuzzy set in X defined by

o= (0,00,...,0m), ifxeC

C=16_(00...0. ifx¢c

where % € (0,1)™. Let x,y,z € X. We will divide into the following
cases to verify that Q is an m-polar fuzzy commutative ideal of X.
If (xxy)*ze CandzeC, then x x (yﬁx) € C. Thus

Q(x*y)x2) =Q(2)
Q

and so (18) is clearly verified.
If (x+y)+xz ¢ C and z ¢ C, then Q((x+y)+2)=Q(z)=0=
(0,0,...,0). Hence,

Q(m <y7x)) > inf{@((x*y) *z),Q(z)}.

If exactly one of (x xy) xz and z belongs to C, then exactly one of
Q((x+y)*2z) and Q(2) is equal to 0 = (0,0, ...,0). So

Q(x % (yﬁx)) > inf{@((x *Y) *2), Q(z)}.
The results above show
Q(x % <y7x)) > inf{@((x «Y)*2), Q(z)}

forall x,y,z € X. Itis clear that @(0) > Q(x) for all x € X. Hence, @ is
an m-polar fuzzy commutative ideal of X and obviously QH C.

o

This completes the proof. O

4. Conclusions

An m-polar fuzzy model is a generalized form of a bipolar fuzzy
model. The m-polar fuzzy models provide more precision, flexibil-
ity and compatibility to the system when more than one agree-
ments are to be dealt with. In this article, we have discussed the
ideal theory of BCK/BCI-algebras based on m-polar fuzzy sets. We
have introduced the notions of m-polar fuzzy subalgebras and m-
polar fuzzy (closed, commutative) ideals, and investigated several
properties. We have considered characterizations of m-polar fuzzy
subalgebras and m-polar fuzzy (commutative) ideals. We have also
discussed relations between m-polar fuzzy subalgebras, m-polar
fuzzy ideals and m-polar fuzzy commutative ideals. The concepts
proposed in this article may be extended further to various kind
of ideals in BCK/BCl-algebras, for example, a-ideals, (positive)
implicative ideals, n-fold (positive) implicative ideals and n-fold
commutative ideals. Furthermore, the work presented in this paper
may be extended to several algebraic structures, for example, BCH-
algebras, BCC-algebras, B-algebras, BRK-algebras, semigroups,
semirings and lattice implication algebras.
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