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In this article, the analytical solutions for modified Benjamin-Bona-Mahony and coupled Drinfel’d-
Sokolov-Wilson equations have been extracted with the help of very simple transformation. These results
hold numerous traveling wave solutions that are of key importance in elucidating some physical circum-
stance. The technique can also be functional to other sorts of nonlinear evolution equations in contem-
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1. Introduction

Nonlinear evolution equations (NEEs) have been studied in last
few decades. A verity of NEEs are integrated with the help of var-
ious interesting computational techniques. To understand the
physical structure, described by nonlinear partial differential equa-
tions (PDEs), exact solutions to the nonlinear PDEs play a crucial
role in the study of the nonlinear models appearing in diverse dis-
ciplines; for instance, electromagnetic theory, geochemistry, astro-
physics, fluid dynamics, elastic media, nuclear physics, optical
fibers, high-energy physics, gravitation and in statistical and con-
densed matter physics, biology, solid state physics, chemical kine-
matics, chemical physics, electrochemistry, fluid dynamics,
acoustics, cosmology and plasma physics etc, see (Seadawy and
El-Rashidy, 2013; Gardner et al., 1967; Su and Gardner, 1969; Ito,
1980; Zhibin and Mingliang, 1993; Liang, 2014; Seadawy, 2012a,
b; Seadawy, 2016a,b).
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In recent few decades, growing interest have been drawn to find
the analytical solutions for nonlinear wave equations, such as the
traveling wave solution (Xu and Li, 2005), Cole-Hopf transforma-
tion, Painlevé method, Backlund transformation, amplitude ansatz
method (Seadawy and Lu, 2017), sine-cosine method, Darboux
transformation, Hirota method, function transformation method,
Lie group analysis, extended simple equation method (Lu et al,,
2017), homogeneous balance method (Chen et al., 2003), similarity
reduced method, tanh method, fractional direct algebraic function
method (Seadawy, 2016), inverse scattering method (Ablowitz
and Clarkson, 1991), Hirota’s bilinear method (Hirota, 1971), the
homogeneous balance method (Wang, 1995), variational method
(Khater et al., 2003), algebraic method (Khater et al., 2000), sine-
cosine method, Jacobi elliptic function method (Liu et al., 2001),
the F-expansion method (Zhou et al., 2003), extended Fan Sub-
Equation method (Kalim and Younis, 2017), the (G'/G) expansion
method (Abazari, 2010; Kutluay et al., 2010), the tanh and extended
tanh method, extended direct algebraic method (Seadawy et al.,
2016), the auxiliary equation method (Kalim and Seadawy, 2017)
and many more (Yan et al, 2012; Grey and Tom, 2014;
Mohapatra et al,, 2015; Kalim and Seadawy, 2019; Abu Arqub
et al.,, 2015; El-Ajou et al., 2015a,b; Abu Arqub, 2017a,b).

In this paper, the auxiliary equation method (AEM) is applied to
construct the traveling wave solutions to the modified Benjamin-
Bona-Mahony (m-BBM) and coupled Drinfel’d-Sokolov-Wilson
(c-DSW) equations. The aim of the study is to deal with the explicit
solutions of NPDEs and to explore the configuration of the physical
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phenomena depending upon various parameters. As a result, some
new and more general exact traveling wave solutions are obtained.

The Benjamin-Bona-Mahony equation (BBM) describes the uni-
directional propagation of long waves in certain nonlinear disper-
sive media, as discussed in Seadawy (2018, 2017). The BBM
equation is known as the modified BBM equation (mBBM) for
n = 2. The governing equation is as follows:

U + Uy + 91U MUy + Folyye = 0 (1)

where the coefficients ¥; for i = 1,2; are real constants.
The coupled Drinfel’d-Sokolov-Wilson system (cDSW) reads

Ue + G 00 =0, }
Ut + Gy Ve + G3UVx + Gl = 0

()

where the coefficients ¢; for i =1,2,3,4; are real constants, for
details see Seadawy (2017), Seadawy et al. (2017), Wena et al.
(2009), Seadawy and Alamri (2018), Khater et al. (2006).

This article has been devised as follows: in Section 2, the auxil-
iary equation method is introduced, while in Section 3, the solu-
tions of the NPDEs have been presented. In last Section 4, the
conclusions have been drawn.

2. The description of the auxiliary equation method
We will briefly present the AEM in the following steps:

Step 1. Let us have a general form of nonlinear PDE
)=0. (3)
where F is a polynomial function with respect to the indi-

cated variables.
Step 2. The following wave variable is presented to solve (3)

F(u, ug, uy, Uy, Upa, - -

u(x,t) = F(&), (4)
The transformations (4) convert the PDE (3) to an ODE
Oi(FaFva:fvacffé’”')’ (5)

where F = F(¢) is unknown function.
Step 3. The main idea of the auxiliary equation method based on
expanding the traveling wave solution F(¢) of Egs. (5) as
a finite series

F&) = jf;ajwf@ ©)
y satisfies

= o Cbld) + Cal(0) + () + Cal (), @)
¢ = ox— ot ®)

where C;(i=0,1,2,3,4) and « are constants.
Step 4. Applying the homogenous balance to (3), the parameters n
in (6) can be obtained.
Step 5. Substituting (6), (7) and (8) in (3) and collecting the coef-
ficients of y/y®, then solving the system for w and C;.
Step 6. Substituting w, C; and /(&) obtained in step 5 into (6), to
obtain the solutions for (1) and (2).

3. Soliton extraction
3.1. Modified Benjamin-Bona-Mahony equation

Consider the transformation

u(x,t) =u(&), &=oax— mt, (9)

using (9) into (1),

(00— W)U 4 o vt — o wd,u” =0 (10)
integrating
(ocfw)u+%oa91u3 —olwdu" =0 (11)

Consider the homogeneous balance between u? and u”, gives n = 3.
Suppose the solution of (11), is of the form

U= ag +a (&) + LY (&)’ + asp()’ (12)
Substituting (6), (7) and (12) in (11) and collecting the coefficients
of l//jl,b(k)

Casel.C4, =0
(a).

_ V3Va—otan (6:¢) N V601 T2/

14 , 13
N = v 20/ ()
where
g L[ V2/o V2
T2\ a/va— o JhJova—o )
The parameters C; and a; become
_ —2Vbo—VButcti,w+2v6m _ _ al\/ﬁ _
Co 7—4a3r’2a1\/ﬁ—:\/ﬁ—2\/u‘r Ci=Mh, G= NN G =0,
ap = e \/E\/U_Z;Z/gz]:ﬁi?zqﬁﬁm =2, ay=0a3=0, where

/1 and 4, are arbitrary constants, hence the solution of (1) will be

1 (x,£) = 1,17, 5ech’ (7,€) (201730, 0(cosh (217, €) — 2)sech? (1, &)

+omddrtanh® (1, &) + o — co) (14)
where
7, = Vo —
' V2o /0o
_ V3Va—o
=
(b).
y (5)_\/§\/ocfwtan(01f)7\/§\/&/h\/%\/5 (15)
2 Voa/iy 24,V 0y
where
T2\ Vova—o oaia—o)
The parameters C; and a; become
_ 2VBortVBet 2o m-2V6w o a0
Co = e oy G=4 © = Fane
C3 _ 07a0 _ \/6“3’/ch \/E\/E@—\/@ﬁq \/E\/EU)NZ' a; = /12' 4 =a; = 0'

2(a) —91 )
where 4; and 4, are arbitrary constants, hence the solution of (1)
will be

Uy (x, t) = n,n,sech®(n, &) (—20(211f192a)(cosh (2n,¢) — 2)sech®(y,¢)

oz tanh’ (1, &) + o — ), (17)
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where
B NG
M 7\/20(\/19—2\/67
V3WVa—o
"

Casell. (3=0,C4,=0
(a).

_VBVELTHVE _ V3VEBtan (6:)

Y3($) = , 18
2(0) 2a1v% Va1 (18)
where
g1 V28 ViV 19)
173 Vhvovae—o o/hVi—w]
The parameters C; and a; become
_ V3Ru 22 9,0-20) _ o N

CO - 72;3/,201 \/ﬁ\/&;m, C1 = )4, C2 = 4\/6\/5\/2\/6'

ap = —M, a, =4y, G =0, a3 =0, where 4; and 4, are
1

Vor

arbitrary constants, hence the solution of (1) will be

(X, £) = 1, 11,5ech’ (7,€) (200 0(cosh (217, €) — 2)sech? (1, &)

+oupa v tanh® (1, &) + o — w) (20)
where
Vo —o
m=—7—==
V20,/57/@
o NN =)
LNV
(b).
va@) =1 2V3ya—wtan(0) VeyaiavihVo 21)
4 2 \/&G] \/E aq \/19—1 .
where
Y R N 22)
T2\ VhVove—o oo —o)
The parameters C; and a; become
o \/5(21+a2czﬁzu)—2w) - _a/n o \/gﬂq \/E\/E
CO_—z;/za]\/ﬁ\/E\/a'C]_;'I'Cz_ﬁﬁ\/gm'ao_ S

a; = A3, G =0, a3 =0 where 2; and 4, are arbitrary constants,
hence the solution of (1) will be

us(X, t) = 41, (— sec® (11,.8)) (—20% 102 0(cos (217,¢) — 2) sec? (i, ¢)
—an39; tan® (1, &) — o+ o) (23)

where

R

V20V

3B
(N

M

(c).

. V3o —mtan (0
Us(&) = - 8), (24)
Voay /o
where
g 1 V28 V2Vo (25)
T2\ VhVove—ao  oiha—o)
The parameters C; and a; become
Co=— \/%\/12—2au)+u)2 C, =0, C, = a \/E\/(x—w)z ao =0,

a32a; /1 /92 V0’ VBV /vy Vo (w-0)
a; = A, a; =0, a3 =0 where /; is arbitrary constant, hence the
solution of (1) will be

Us(X, t) = 17,11, (— sec? (11,¢)) (—20° N3 ¥20(cos (217,¢) — 2) sec? (17,¢)

—an3vh tan® (1, &) — o+ o), (26)
where
 Va—o
111 - \/2&\/19_2\/67

RN w)?

172—7\/&\/19*] /0 —

Caselll. o =0,C4=0
(a).

Jo(E) = —6v/3/0ay/T1 /0 — e — 6/ — aehé 27)
B/ 1 - 30a2v,e2¢ ’
where
0 = L Vw*‘x. (28)
APV
The parameters C; and a; become
__Joa _ _ @ _3oE g _
G =Zvme =0 G = Gy =0

a, = A, as = 0, where /; is arbitrary constant, hence the solution
of (1) will be

660111/ — aeh®
(1= 3200208
(902 740%€*1% (230203020 + 94(0ot — W)
+ 30301214 (2302030, 0 + 26(w — )
+ 8V3Vay\/1e" ¢ (030,00 — ot + ) + 02039,
+48V3022)3037e3¢ 202020, + o — o)
+ 723052393250 (o200 + 11 (o — )
+270827597€50¢ (02070, + 26(0t — ) + 200 — 20).  (29)

Us (X> t) =

(b).

_ 6Vw— et
h(6) = g 30)
where
6, — V2o =u (31)

YO
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The parameters C; and a; become

_ V2Jo—u ___ mV _ _ _V3Jo—u _
Cl——aﬁm, G = —\/6\/&\/@\/6' C3=0, a —ﬁﬁ' a =,

a, = as = 0, where /; is arbitrary constant, hence the solution of
(1) will be

1

(V3Vary/drens — 1)’
(30729121 (02019, — 20 + 20) + 020193 (—)

—8V3Va /01 (ot — et — 2a+2w» (32)

U7(X, t) =

(60124vw — ae™®

3.2. Coupled Drinfel’d-Sokolov-Wilson equation

Consider the transformation

U(X, t) = u(é)7 1}(){7 t) = 1}(6)7 E=0x— wt, (33)
using (33) into (2),
—ou' +og, v =0 (34a)
AG4U' Y+ OV + oG UV + 03¢, v" =0 (34b)
integrating (34a)
2

u=212 (35)

%)
and substituting in (34b)
02 (¢35 +2¢) Y + B, P — v =0 (36)
integrating (36)
1
§oczgl(g3 + 26V + 02,00 — w?v =0 (37)

Consider the homogeneous balance between ¢* and ¢”, gives n = 3.
Suppose the solution of (37), is of the form

U= o+ anp() + LY (&) + asp(e)’ (38)
Substituting (6), (7) and (38) in (37) and collecting the coefficients
of l//jl//(k)

Casel.C4, =0
(@)

V3w tanh ( x“r) s9)
a1/ + 26,

The parameters C; and a; become

i (8) =

_ AEGrage”? Ci =0 C—_VaVsi2a ~ g
\/_\/_(0112€1>3+201“2>1 4)' TS 2= Bajagve TS T

=0, a; = A1, a; = a3 = 0, where /; is arbitrary constant, hence
the solution of (2) will be

Co=

VBw? (cosh (ff%) - 2)sech4 (ﬁ;ﬁ\/_z)
vi(X,t) = . (40)
032\ /C1y/G2\/ S35 + 26,
(b).
\/—w tanh
V2032
¥(8) = (= f) (41)

01/S1+/G3 + 284

The parameters C; and a; become

_ V3VaE/G 12503 _ _
Co= \/_w/_(all2=1~3+2a10<251$4) (=0 G= V6V /5Vo

ao =0, a; = /1, a; = a3 = 0, where 4, is arbitrary constant, hence
the solution of (2) will be

a1/C1/C3+2¢.
1vE1y/S3+264 C3 =0,

VB ‘(2

Casell. o =0,C4 =0

(@)
\/6w\/oc G1(S3 +2¢,)(—e"9) (fazcx G1(Gy + 2g,)ene +1)
W3(€
\/3a4a C2(gs +2¢,)%e2ne — 1
(43)
where
NN
0 = ——. (44)
CRVG
The parameters C; and a; become
_ Vo _ _ a\/02¢1(S3+2¢4) _ V3
Q=g ©=0 G=SFmam %= ms o

a; =0, a; = /1, a3 = 0, where /; is arbitrary constant, hence the
solution of (1) will be

242,072\ J02¢, (G5 +2¢4)e” Ve

(13/2\/_<\/70(2}1\>1 C3+

v3(x,t) =

fii/a

(0‘2/11\21 (63+2¢4)e”" Ve

VIe/o
<3a 2161(G3+2¢ )er3’zﬁ+4¢§>+1> (45)

(b).
6w \/02G; (G5 +26,)e"¢
£ =— 46
valo) V3a,026,G5e¢ + 24/3a,02G,G,e0¢ — 17 (46)
where
0, = @ (47)
02/

The parameters C; and a; become
RN/ _ a14/0?¢1(534264) _ _ V3
Cl Ny C2 = \/613/2\/3\/(3 ) C3 = Ov ap = mv
a; = —/1, G =as =0 where /; is arbitrary constant, hence the
solution of (1) will be

&

e
Va2

V2¢

24V21 072 \/02¢, (G5 +2¢,)e”
fgzc¢5
W\/ﬁ(\@o@hc] (S3+2¢,)e” ﬁﬂ)

Va(X,t) =— )

<a221C1(C3+2; ) ’32f<3a 2161(S3+2¢,)e *“f 4f>+1) (48)

Case IIl. G5
(a).

—0,C,=0

6w V a2g1 (C3 + 2@4)6615 (49)

l//S(é) = ﬁalazglgBE(;]g +2\/§010£2C1§4€6’§ -1

where
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V2V =0
}11 - O(3/2\/g—2~' ( )
The parameters C; and a; become

_ _ V2Ja __ a14/02¢1(G3+2¢s) _ V3o

=0 G=3g G- rae © 0T Ums e

a, = A, a; = az = 0 where /; is arbitrary constant, hence the solu-
tion of (2) will be

3
2

24V200 0" \/02G, (G5 + 2@4)3“3/27 2

US(X7 t) = 2

V280
0@/2\/@(\50‘%@1 (6 +2¢,)e7 v — 1)

( V2e/ V2e/o
2 2
9

021G (C3 + 2G4)e V2 (302 21 ¢y (G5 + 284)e””

V2: /o
(3\/§a211gl(§3 +2¢,)e” Ve +2) — 4\/§) N 1)7 1)

(b).
V3wtanh (=52
Vo(e) = (275)_a (52)

0a14/C11/G3 + 26,4 o

The parameters C; and g; become

Co — 302501 55 +2cy) c _ Aovs/sra
O VB ay /oGy e 2V 1 a/ove !

C,—_0 VEiV/S31+28
2= \/_67\/&\/5\/5 )
are arbitrary constants, hence the solution of (2) will be

g = A1, 01 = 4y, G = az =0 where 4; and 4,

. v
V6w?? (cosh (ﬁf%) - 2)sech (WV%)

Vs (X, t) = , (53)
VSTV SVISEIN
therefore, forj=1,2,...6
oac, VA (X, t
U]‘(X, t) :917() (54)

(6]

4. Discussions and results

The graphical representation of solitons have been illustrated in
the following figures, for various values of the parameters. Mathe-
matica 10.4 is used to carried out simulations and to visualize the
behavior of nonlinear waves. In Case I, the solution for the Eq. (1),
is shown in Fig. 1 obtained from the Eq. (14) with ¥; =1, ¥, = 2,
o=4,w=2,and Eq. (17) with 9, =1, 9, =2, o =4, w = 2, while
in Case I, the solution for the Eq. (1), is shown in Fig. 2 obtained
from the Eq. (20) with 9, = 3,49, = -1, 2 =4, w = -2, Eq. (23) with
91 =1,9, =-1,0a=2, w=-3 and Eq. (26) with 9, =1, ¥, = -1,
o =1, w = —1. Moreover, in Case III, the solution for the Eq. (1),
is shown in Fig. 3 obtained from the Eq. (29) with ¥; = 3, ¥, = 2,
J1=1, a=1, w=2 and Eq. (32) with 9; =1, ¥, =1, 2 =2,
a=1w=2.

Similarly, the solution to the Eq. (2) for Case I, is shown in Fig. 4
obtained from the Eq. (40) with¢; = 1,6, =1,63=1,¢, =1, =2,
o =3andEq. (42)withg, =1,6,=2,63=3,¢, =4, =2, w =3,
while In Case II, the solution for the Eq. (2), is shown in Fig. 5
obtained from the Egs. (45) with ¢, =1, ¢, =1,¢;=1, ¢, =1,
1=1, =1, w=1 and Eq. (48) with ¢; =1, ¢, =1, ¢; =2,
¢s=3, 1 =1, a= -1, ® = 2. Moreover, in Case III, the solution
for the Eq. (2), is shown in Fig. 6 obtained from the Eq. (51) with
G=1¢=1¢g=1¢=14=10=1 w=1andEq. (53) with
G=1,¢=-5¢=4¢=3,a=5w=-2.

—~

a) up(x,t): =1, ¥2=2, (b) us(z,t): 91=1, 93=2,
2 a=4, w=2

Fig. 1. mBBM equation (Case I).

2
LA
e
27
,‘

ey

7
Z7

=

27

LA
S it
Lo

a) ug(x,t): $1=3, 92=-1, (b) ug(z,t): ¥1=1, 92=-1, (¢) us(x,t):

a=4, w=-2 a=2, w=-3

(a) ug(z,t): 91=3, 92=2, (b) ur(x,t): 91=1, V2=1,
M=1, a=1, w=2 M=2, a=1, w=2

Fig. 3. mBBM equation (Case III).

a=1, w=-1

Fig. 2. mBBM equation (Case II).
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e N
i} SEFIRE
= RS
‘4* | Q‘,Q:i#

(a’) Ul(x,t): §1:1, §2:1: (b) ’Uz(l‘,t): §1:1, §2:2:
§3:1; §4:1’ QZQ} w=3 §3:3, §4:47 QZQ} w=3

Fig. 4. cDSW system (Case I).

(a) vs(m,t): q=1, =1, (b) va(x,t): =1, Go=-1,
gB:I’ §4:17 Al:l? O[:I; §3:27 §4:3, )\1:1; Ol:—lg
w=1 w=2

Fig. 5. ¢cDSW system (Case II).

(a) wvs(x,t): q=1, =1, (b) ve(x,t): q1=1, ¢=-5,
§3:1} §4:1) >\1:1} a:‘Z’ §3:4; §4:3) 0525, w=-2
w=1

Fig. 6. cDSW system (Case III).

5. Conclusion

The aim of the study is to find some new traveling-wave solu-
tions for modified Benjamin-Bona-Mahony and Drinfel’d-Sokolov-
Wilson equations. It is observed that the auxiliary equation method
is one of the most powerful tools to find a variety of analytical solu-
tions for more complex problems. Depending on the real parame-
ters, a collection of new exact solutions are obtained, for details
see Figs. 1-6 These results are very auspicious for further investiga-
tion and stances on a strong basis for the solution of NPDEs.
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