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Complex networks are not easy to decode and understand to work on it, similarly, the Möbius structure is
also considered as a complex structure or geometry. But making a graph of every complex and huge
structure either chemical or computer-related networks becomes easy. After making easy of its construc-
tion, recognition of each vertex (node or atom) is also not an easy task, in this context resolvability
parameters plays an important role in controlling or accessing each vertex with respect to some chosen
vertices called as resolving set or sometimes dividing entire cluster of vertices into further subparts (sub-
sets) and then accessing each vertex with respect to build in subsets called as resolving partition set. In
these parameters, each vertex has its own unique identification and is easy to access despite the small or
huge structures. In this article, we provide a resolving partition of hexagonal Möbius ladder graph and
discuss bounds of partition dimension of hexagonal Möbius ladder network.
� 2021 The Authors. Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Hexagonal network is used in several fields of sciences, due to
its advantages compared to other several lattice networks. Hexag-
onal networks have an uncomplicated and symmetrical adjoining
neighborhood, which avoids the uncertain behavior that square
or triangular networks have. When the adjacent locality, path, or
connectivity is critical, the square and triangular networks are
not appropriate. Current investigation on image processing and
digital images discovered that using a hexagonal network as an
alternative to square networks provides improved outcomes
Kumar et al., 2014; Wen and Khatibi, 2018. In the area of ecology,
the advantages of using hexagons are presented in observation,
experiment, and simulation, with excellent benefits, provided in
natural demonstrating Birch et al., 2007. Many investigators rec-
ommend the use of a hexagonal network, especially in cartogra-
phy, in the order to obtain smaller resolutions by using the
disintegration of the larger cells into smaller ones Mocnik, 2018;
Sahr et al., 2003.

The notion of metric dimension appeared with various titles.
Slater SSlater and treeslater and trees, 1975 introduced the notion
of metric dimension as locating sets, later Harary and Melter
Harary and Melter, 1976 proposed the idea by in terms of metric
dimension instead of locating sets. Chartrand et al. Chartrand
et al., 2000, described the notion of metric dimension as resolving
sets. For more details on resolving set, metric basis and metric
dimension appeared we refer to see Chartrand et al., 2000;
Chartrand et al., 2000; Chartrand et al., 2000; J. Caceres et al.,
2007; Khuller et al., 1996; Chvatal, 1983. The generalized version
of metric dimension is called partition dimension defined in
Chartrand et al., 2000. The metric dimension of a connected graph
is based on the distances among the vertices while the partition
dimension is based on the distances among the vertices and sets
containing vertices. It was proved that determining the metric
dimension of a graph is a NP-hard problem Chartrand et al.,
2000. Since partition dimension is a generalization of finding the
metric dimension, therefore finding the partition dimension of a
graph is also an NP-hard problem.

It is natural to ask about the characterizations of the graphs
based on the nature of the partition dimension. Researchers are
always interested to prove that whether the partition dimension
of a family of a network is constant, bounded or unbounded. There-
fore, the study of finding partition dimension of a graph signifi-
cantly appeared and several results are found. Such as; Baskoro
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et al. Baskoro et al., 2020 discussed graphs with partition dimen-
sion n� 3, Vertana and Kasmayadi obtained the partition dimen-
sion of graphs constructed by sum operation of cycle and path
graphs Vertana and Kusmayadi, 2016, Hussain et al. Hussain
et al., 2019 provide bounds of partition dimension of M-wheels,
Grigorious et al. Grigorious et al., 2017, Maritz et al. Maritz and
Vetrik, 2018 found the partition dimension of circulant graph,
Safriadi et al. computed it for complete multipartite graph
Safriadi et al., 2020, strong partition dimension discussed in
Kuziak and Yero, 2020; Rehman and Mehreen, 2020 by Kuziak
and Yero, Rehman and Mehreen respectively, Mehreen et al.
Mehreen et al., 2018 computed the partition dimension of ð4;6Þ
fullerene, and proved that it has bounded partition dimension.
Results on the bounded partition dimension of the Cartesian pro-
duct of graphs are studied in Yero et al., 2010. Amrullah et al. in
Amrullah et al., 2019 gave bounds for the subdivision of different
graphs. Rodrı̀uez-Velàzquez, et al. Rodrł̀uez-Velàzquez et al.,
2014 provide the bounds of tree graph. Rodrı̀uez-Velàzquez, et al.
in Rodrł̀uez-Velàzquez et al., 2014 discussed bounds of unicyclic
graphs in the form of subgraphs. Javaid et al. found the bounds
on the fractional metric dimension of some networks Javaid
et al., 2020. Chu et al. computed the sharp bounds for the partition
dimension of convex polytopes Chu et al., 2020. For more recent
literature and results, we refer to see Rodrł̀uez-Velàzquez et al.,
2014; Rodrł̀uez-Velàzquez et al., 2014; Mehreen et al., 2018;
Monica and Santhakumar, 2016; Rajan et al., 2012; Javaid and
Shokat, 2008; Moreno, 2020; Haryeni et al., 2017.

Applications of resolving partition parameter can be found in var-
ious fields such as network verification and its discovery Beerliova
et al., 2006, Khuller et al. discussed resolving partitions in robot nav-
igations, Caceres et al. relate the famous Djokovic-Winkler relation J.
Caceres et al., 2007, and Chvatal describe the resolving sets consider-
ing as an application for the strategies of the mastermind games
Chvatal, 1983. Further, applications of resolving sets can be found
in Johnson, 1993; Johnson, 1998; Melter and Tomescu, 1984. More-
over, to explore the applications of this concept in networks, we refer
to see Chartrand et al., 2000; Harary and Melter, 1976. Due to vast
applications of partition dimension and hexagonal networks, in this
paper, we computed the partition dimension of hexagonal Möbius
ladder network.

2. Preliminaries

Following are some useful mathematical notions of the ideas
which help to understand the concepts required.

Definition 2.1. Let N be an undirected graph with set of vertices
VðNÞ and set of edges EðNÞ, the distance (also known as geodesics)
between /1;/2 2 VðNÞ two vertices is the minimum number of
edges between /1 � /2 path. It is represented by dð/1;/2Þ.
*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

Definition 2.2. Let Q ¼ f/1;/2; . . . ;/tg be an ordered subset of
vertices, and / 2 VðNÞ. The representations rð/jQÞ of /-vertex with
respect to Q is the t-tuple distances ðdð/;/1Þ; dð/;/2Þ; . . . ; dð/;/tÞÞ.
If every vertex of VðNÞ have distinctive representation with respect
to Q, then Q is said to be a resolving set of graph N, and minimum
number of the vertices in Q is known as the metric dimension of
graph N and it is denoted by dimðNÞ.
* * * * *
Fig. 1. Gðg; nÞ grid graph.
Definition 2.3. Let P be a k-ordered partition set and
rð/jPÞ ¼ fdð/; P1Þ; dð/; P2Þ; . . . ; dð/; PkÞg, be a k-tuple distance rep-
resentation of a vertex / regarding P. If the representation of /
with respect to P is distinctive, then P is called the partition resolv-
ing set of graph N.
2

Definition 2.4. Chartrand et al., 2000 The minimum number of
subsets in the partition resolving set of VðNÞ is called the partition
dimension ðpdðNÞÞ of N.

The dimðNÞ and pdðNÞ can be related for any simple connected
graph N Chartrand et al., 2000;

pdðNÞ 6 dimðNÞ þ 1: ð1Þ

Theorem 2.5. Chartrand et al., 2000 Let P be a partition resolving set
of VðNÞ and /1;/2 2 VðNÞ. If dð/1;wÞ ¼ dð/2;wÞ for all vertices
w 2 VðNÞ n ð/1;/2Þ, then /1;/2 belongs to different subsets of P.
Theorem 2.6. Chartrand et al., 2000 Let N be a simple and connected
graph, then

� pdðNÞ is two iff N is only a path graph
� pdðNÞ is jNj iff N is a complete graph.

2.1. Hexagonal Möbius ladder network

Recently, Nadeem et al. Nadeem et al., 2020 define the structure
of hexagonal Möbius ladder network and computed its metric
dimension. The Möbius graph is constructed by adding a vertex
on each horizontal edges of square grid, as shown in Fig. 1, each
cycle is order six in the grid which is the reason to called the
hexagonal grid and Nadeem et al., 2020 named it hexagonal
Möbius ladder graph. Twist this hexagonal grid 180� which is
shown in Fig. 1 and identify the utmost right and left vertices as
shown in Fig. 2. The Möbius ladder graph MGðg; nÞ has n vertical
and g horizontal cycles. The order of MGðg; nÞ is v ¼ 2gðnþ 1Þ.

3. Main results

In this section, we determine the bounds of partition dimension
of hexagonal Möbius ladder network.

Fig. 2 is the 2D-view of Möbius ladder, we label the lower
boundary vertices /a where 1 6 a 6 2g, the side boundary vertices
/b where b ¼ 2gf þ 1 and 1 6 f 6 g, upper boundary vertices /v�z

where v ¼ 2gðnþ 1Þ and 0 6 z � 2g� 2, and lastly, the grid ver-
tices /e;f ¼ /a where fe; fg ¼ a ¼ 2gf þ eþ 1, and



Fig. 3. Möbius ladder graph MGðg; nÞ 3D view.

Fig. 2. MGðg; nÞ Möbius graph grid view.
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1 6 f 6 n� 1; 1 6 e 6 g� 1. Fig. 3 displays a three dimensional
view of MGðg; nÞ.

Example 3.1. The partition dimension of MGð2;1Þ is three. To
show this, let P ¼ fP1; P2; P3g ¼ VðMGð2;1ÞÞ, where
P1 ¼ f/2g; P2 ¼ f/4g and P3 ¼ VðMGð2;1ÞÞ n f/2;/4g be a partition
resolving set, different representations of all the vertices of
MGð2;1Þ with respect to its partition resolving set P are shown in
Table 1.
Table 1
Representations of the vertex set /a w.r.t P.

dð:; :Þ P1 dð:; :Þ
/a : a ¼ 1;3 1 /a : a ¼ 3;5

/a : a ¼ 4;5;7;8 2 /a : a ¼ 1;2;6;7
/a : a ¼ 6 3 /a : a ¼ 8

3

We can see that all the vertices have unique representations
with respect to the partition resolving set P. Hence,
pdðMGð2;1ÞÞ ¼ 3.

Now, we will find the bounds of partition dimension ofMGðg; nÞ,
for different variations of g and n.

Theorem 3.2. If MGðg; nÞ is a hexagonal Möbius ladder of order
2gðnþ 1Þ, then
pd MGðg; nÞð Þ � 4;

for g P 2, and n P 1 odd.
Proof. Assume the partition resolving set P ¼ fP1; P2; P3; P4g,
where P1 ¼ f/1g; P2 ¼ f/3g; P3 ¼ f/2gnþ1g and
P4 ¼ VðMGðg; nÞÞ n f/1;/3;/2gnþ1g. Then the representations of the
each elements of vertex set of MGðg; nÞ with the set P are given
in Eq. 2.

r /ajPð Þ ¼ d /a; P1ð Þ;d /a; P2ð Þ; d /a; P3ð Þ; d /a; P4ð Þð Þ
a ¼ 1;2; . . . ;2gðnþ 1Þ ð2Þ

Now, we split the vector shown in Eq. (2) into components. Rep-
resentations of the first component are given in Equations (3)–(7),
second in Equations (8)–(12), third in Equations (13)–(17) and the
last component in Eq. (18).

The distance of lower boundary vertices /a with P1 are:

dð/a;P1Þ ¼
a�1; 26 a6 gþ n

2

� �
;

gþ n
2

� �� gþ1; gþ n
2

� �þ g 6 a6 2g;g ¼ 1;2; . . . ; jaj:

8<
:

ð3Þ
The distance of side boundary vertices /b with P1 are:
P2 dð:; :Þ P3

1 /a : a ¼ 1;3;5;6;7;8 0
2 /a : a ¼ 2;4 1
3
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dð/b; P1Þ ¼
f ; if 1 6 f 6 n for g > n;

and 1 6 f 6 n� 1; for g 6 n;

2g; if f ¼ g and g 6 n:

8><
>: ð4Þ

Here, b ¼ 2gf þ 1.
The distance of upper boundary vertices /v�z with P1 are:

dð/v�z; P1Þ ¼
zþ 1; if 0 6 z 6 2g� 2 for g < n;

and 0 6 z 6 gþ n
2

� �� 1; for g P n;

nþ z; if g P n:

8><
>: ð5Þ

To show the distance of inner vertices /a ¼ /e;f , where
a ¼ 2gf þ eþ 1 of the grid with P1, we split it into two cases:

If gP n and f ¼ 1;2; . . . ; n� 1, then

dð/a;P1Þ ¼
n� 1þ e; if 16 e6 g� f þ n

2

� �
;

gþ n� g� 1; if g� f þ n
2

� �þ g 6 e6 2g� 1;g ¼ 1;2; . . . ; jej:

(

ð6Þ
If g < n, and f P n� 2g > 0, then

dð/a; P1Þ ¼
nþ e; if 1 6 e 6 2g� 1� g;

n� f þ 2g� 1; if 2g� g þ l� 1 6 e 6 2g� 1:

�
ð7Þ

In this case g ¼ 1; . . . ;2g� 1 and l ¼ 1; . . . ;g.
Similarly, we have the distances of all vertices with the P2 are:

dð/a;P2Þ ¼
a� 3; 46 a6 gþ nþ1

2

� �
;

aþ nþ 3� g; gþ nþ1
2

� �þ gþ 26 a6 2g;g ¼ 1; . . . ; jaj;
2
a ; a¼ 1;2:

8><
>: ð8Þ

dð/b;P2Þ ¼
2þ f ; if 16 f 6 n for gP n

and 16 f 6 gþ n
2

� �� 2 for g< n;

2g� 2þ f ; if gþ n
2

� �� 16 g 6 n; f ¼ 0; . . . ; jgjfor g< n:

8><
>:

ð9Þ

dð/v�z;P2Þ¼

nþ1; if z¼1;3 for g< n62g and g> n;

n; if z¼2 for g< n62g and g> n;

zþ3; if 06 z�2g�5 for g< n62g and 06 z62g�1 for g< n62g;
also if 06 z6g�2þ n�1

2

� �
;

nþ1þg; if g�1þ n�1
2

� �
6 z62g�4; where g¼1; . . . ; g�2þ n�1

2

� ��� ��:

8>>>>>><
>>>>>>:

ð10Þ

Again for the inner grid vertices, we split into two cases;
If gP n and 1 6 f 6 n� 1, then

dð/a;P2Þ ¼

f þ e; if e¼ 1;3;
f ; if e¼ 2;
eþ f � 2; if 46 e6 g� f þ 3;
eþ f � g; if g� f þ gþ 36 e6 2g�1 where g ¼ 1; . . . ;g� 4þ f :

8>>><
>>>:

ð11Þ

If g < n, then

dð/a ;P2Þ ¼

jf jþ2þ l; if gþ4þ g6 f 6 n�1 where l6 e6 2g�1 and l¼ 1;2; . . . jej;
f þ1; if 16 f 6 gþ4;
f ; if e¼ 2;
e�2þ f ; if 46 e6 2g�1;16 f 6 g;

also if 46 e6 2g� g where g6 f 6 gþ4 and g ¼ 1; . . . ; jf j;
2gþ lþ�g; if 2g� gþ l6 e6 2g�1 where g6 f 6 gþ4 and l¼ 1;2; . . . ; jej:

8>>>>>>>><
>>>>>>>>:

ð12Þ

Similarly for third component we have:

dð/a; P3Þ ¼
2g� 1� a; if 2 6 a 6 2g; forg 6 n;

n� 1þ a; if 2 6 a 6 g� n
2

� �
; forg > n;

2gþ 1� a; if g� n
2

� �þ 1 6 a 6 2g; forg > n:

8><
>:

ð13Þ
4

dð/b;P3Þ ¼

n� f ; if 16 f 6 n; forgP n;

n� f ; if 16 f 6 n� 1; forg< n6 2g
2gþ f ; if 06 f 6 n

2

� �� gþ 1; for2gþ 16 n;

jf j þ 1�gþ n
2

� �� f ; if n
2

� ��gþ 26 f 6 n; for2gþ 16 n:

8>>><
>>>:

ð14Þ

dð/v�z;P3Þ ¼

2g� 1� z; if 06 z6 2g� 2; forg< n;

nþ 1þ z; if 06 z6 g� n
2

� �þ 1; forgP n;

z� 1; if 16 z6 gþ n
2

� �
; forgP n;

nþ z; if 2g� 2� g 6 z6 gþ n
2

� �
; forgP n;g ¼ 1;2;3; . . . ; jzj:

8>>>><
>>>>:

ð15Þ

For inner grid vertices /a ¼ /e;f , we have two cases.
If g P n, then

dð/a; P3Þ ¼
n� f þ e; if 1 6 e 6 g� n

2

� �þ f ;

f þ 2g� e; if g� n
2

� �þ f þ 1 6 e 6 2g� 1:

(
ð16Þ

If g < n, then

dð/a; P3Þ ¼

n� f þ e; if 1 6 e 6 f ;

f � eþ 2g; if f þ 1 6 e 6 2g� 1;
n� f þ e; if 1 6 e 6 f � 1;2g 6 n;

f � 1þ 2g; if f 6 e 6 2g� 1;2g 6 n:

8>>><
>>>:

ð17Þ

In both cases 1 6 f 6 n� 1.
Now, the distances of last component of Eq. 2 with respect to P4

are:

dð/a; P4Þ ¼
1; if a ¼ 1;3;2gnþ 1;
0; if a ¼ otherwise:

�
ð18Þ

The entire vertex set of MGðg; nÞ w.r.t. to the partition resolving
set P have distinct representations hence,

pd MGðg; nÞð Þ � 4:

h

Theorem 3.3. If MGðg; nÞ is a hexagonal Möbius ladder of order
2gðnþ 1Þ, then
pd MGðg; nÞð Þ � 5;

for g P 3 and n P 2 even.
Proof. Let P ¼ fP1; P2; P3; P4; P5g be a resolving partition set, where
P1 ¼ f/1g; P2 ¼ f/3g; P3 ¼ f/2gnþ1g; P4 ¼ f/2gnþ3g and
P5 ¼ VðMGðg; nÞÞ n f/1;/3;/2gnþ1;/2gnþ3g. In the proof we will show
only the distances of all vertices from P4 and P5, while the distances
from P1; P2; and P3 can be checked from the proof of Theorem 3.2.
The representations of all the vertices of MGðg; nÞ according to the
set P are given in Eq. 19.

r /ajPð Þ ¼ ðdð/a; P1Þ;dð/a; P2Þ; dð/a; P3Þ; dð/a; P4Þ;
dð/a; P5ÞÞ; a ¼ 1;2; . . . ;2gðnþ 1Þ: ð19Þ

The distance of all vertices from P4 are:
For g 6 n:

dð/a; P4Þ ¼

nþ 1; if a ¼ 2;g 6 n 6 2g� 1;
n� 3þ a; if 3 6 a 6 g� n

2

� �
;g 6 n 6 2g� 1;

2g� aþ 3; if g� n
2

� �þ 1 6 a 6 2g;g 6 n 6 2g� 1;
2g� aþ 3; if 2 6 a 6 2g;2g 6 n:

8>>><
>>>:

ð20Þ
For g > n:



M. Azeem, M. Imran and Muhammad Faisal Nadeem Journal of King Saud University – Science 34 (2022) 101779
dð/a; P4Þ ¼
nþ 1; if a ¼ 2;
n� 3þ a; if 3 6 a 6 g� n

2

� �þ 2;

2g� aþ 3; if g� n
2

� �þ 3 6 a 6 2g:

8><
>: ð21Þ

dð/b; P4Þ ¼

n� f þ 2; if 0 6 f 6 n;g 6 n;

n� f þ 2; if 0 6 f 6 n;g < n 6 2g

2gþ f þ 2; if 0 6 f 6 n�g�1
2

j k
;2gþ 1 6 n;

n� f þ 2; if n�g�1
2

j k
þ 1 6 f 6 n;2gþ 1 6 n:

8>>>>><
>>>>>:

ð22Þ
For g > n:

dð/v�z;P4Þ ¼

1; if z¼ 2g� 4;2g�2;
2g� 3� z; if 06 z6 2g�5;26 g6 4;
3þ nþ z; if 06 z6 g� n

2

� �� 2;gP 5> n;

2g� 3� z; if g� n
2

� ��16 z6 2g� 5;gP 5> n:

8>>><
>>>:

ð23Þ
For g 6 n:

dð/v�z; P4Þ ¼
1; if z ¼ 2g� 4;2g� 2;
2g� 3� z; if 0 6 z 6 2g� 5:

�
ð24Þ

Now for inner grid vertices we have two cases. In both cases,
a ¼ 2gf þ eþ 1 and 1 6 f 6 n� 1.

If gP n, then

dð/a; P4Þ ¼
n� f þ e; if e ¼ 1;

n� f þ e� 2; if 2 6 e 6 g� n�gþ3
2

j k
þ f þ 1;

2gþ f � eþ 2; if g� n�gþ3
2

j k
� f þ 4 6 e 6 2g� 1:

8>>><
>>>:

ð25Þ
If g < n, then

dð/a; P4Þ ¼
n� f þ e; if e ¼ 1;
n� f þ e� 2; if 2 6 e 6 g� n�3

2

� �þ f � 1;

2gþ f � eþ 2; if g� n�3
2

� �� f þ 2 6 e 6 2g� 1:

8><
>:

ð26Þ
Now, the following equation is for the last component of vector

shown in Eq. 19:

dð/a; P5Þ ¼
1; if a ¼ 1;3;2gnþ 1;2gnþ 3;
0; otherwise:

�
ð27Þ

As, all the vertices has unique representations described in Eq.
19 with respect to partition resolving set P hence,

pd MGðg; nÞð Þ � 5:

h

Theorem 3.4. If MGðg; nÞ is a hexagonal Möbius ladder of order
2gðnþ 1Þ, then
pd MGðg; nÞð Þ � 6;

for g ¼ 2 and n P 6 even.
Proof. Consider the resolving partition
P ¼ fP1; P2; P3; P4; P5; P6g where P1 ¼ f/1g; P2 ¼ f/2g; P3 ¼

f/4g; P4 ¼ f/2nþ1g; P5 ¼ f/2nþ2g and P6 ¼ VðMGðg; nÞÞ n f/1;/2;/4;

/2nþ1;/2nþ2g. The representations of all the vertices of MGðg; nÞ
with respect to partition resolving set P are given in vector form in
Eq. 28.
5

r /ajPð Þ ¼ ðd /a; P1ð Þ;d /a; P2ð Þ; d /a; P3ð Þ;
d /a; P4ð Þ;d /a; P5ð Þ;d /a; P6ð ÞÞ; a ¼ 1;2; . . . ;2gðnþ 1Þ: ð28Þ

Now, we split the vector shown in Eq. (28) into components, the
first component for different cases are given in Equations (3)–(7),
second in Equations (29)–(32), third in Equations (33)–(36), fourth
in Equations (37)–(40), fifth in Equations (41)–(44) and the last
component in Eq. (45) below.

For g 6 n:

dð/a; P2Þ ¼
1; if a ¼ 1;3;
2; if a ¼ 4;5;7;v:

�
ð29Þ

The distances of side boundary vertices /b are:

dð/b;P2Þ ¼

1þ f ; if 26 f 6 n
2 ;nP 8;n� 2ðmod4Þ;

1þ f ; if 26 f 6 nþ2
2 ;nP 6;n� 2ðmod4Þ;

2þ g; if nþ2
2 þ g� 16 f 6 n;nP 8;n� 2ðmod4Þ;g ¼ 2;3; . . . ; jf j;

2þ g; if nþ4
2 þ g� 16 f 6 n;nP 6;n� 2ðmod4Þ;g ¼ 2;3; . . . ; jf j:

8>>>><
>>>>:

ð30Þ

For upper boundary vertices /v�z, where g ¼ 2 we have:

dð/v�z; P2Þ ¼
3; if z ¼ 1;
4; if z ¼ 2:

�
ð31Þ

dð/a; P2Þ ¼
f þ 1; if 1 6 f 6 n

2 ; e ¼ 2;

f þ 2; if 1 6 f 6 n
2 ; e ¼ 1;3;

g þ lþ 1; if n
2 þ g 6 f 6 n� 1; l 6 e 6 3; g ¼ 1;2; . . . ; jf j:

8><
>:

ð32Þ

dð/a; P3Þ ¼
1; if a ¼ 3;
2; if a ¼ 2;7;4n:

�
ð33Þ

And the side boundary vertices /b;

dð/b; P3Þ ¼
3þ f ; if 1 6 f 6 n�2

2 ;

3þ g; if g þ n�2
2 6 f 6 n; g ¼ 1;2; . . . ; jf j:

(
ð34Þ

Upper boundary vertices /v�z with condition again on g, when
g ¼ 2;

dð/v�z; P3Þ ¼ 4� z; if z ¼ 0;1;2: ð35Þ
The grid vertices /a ¼ /e;f w.r.t P3.
If a ¼ 2gf þ eþ 1 and g ¼ 2, then

dð/a; P3Þ ¼
f þ 1; if 1 6 f 6 n

2 ; e ¼ 2;

f þ 2; if 1 6 f 6 n
2 ; e ¼ 1;3;

g þ lþ 1; if n
2 þ g 6 f 6 n� 1; l 6 e 6 3; g ¼ 1;2; . . . ; jf j:

8><
>:

ð36Þ
Following is the discussion of fourth component of Eq. 29.

dð/a; P4Þ ¼ n
2 þ a� 1; if a ¼ 2;3;4: ð37Þ

dð/b; P4Þ ¼ n
2 � f
�� ��þ; if 0 6 f 6 n: ð38Þ

dð/v�z; P4Þ ¼ n
2 þ zþ 1; if z ¼ 0;1;2: ð39Þ

If a ¼ 2gf þ eþ 1 and g ¼ 2, then

dð/a; P4Þ ¼
n
2 � f
�� ��þ þ e; if 1 6 e 6 2;1 6 f 6 n� 1;a ¼ 4f þ 1þ e;
n
2 � f
�� ��þ þ 1; if 1 6 f 6 1 6 f 6 n� 1;a ¼ 4f þ 3:

(

ð40Þ
The following discussion is about the fifth component of the Eq.

29, where P5 ¼ f/2nþ2g.
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dð/a; P5Þ ¼
n
2 þ 2; if a ¼ 2;4;
n
2 þ 1; if a ¼ 3:

(
ð41Þ

dð/b; P5Þ ¼ n
2 � f
�� ��þ þ 1; if 0 6 f 6 n: ð42Þ

dð/v�z; P5Þ ¼ n
2 þ zþ 2; if z ¼ 0;1;2: ð43Þ

The grid vertices /a ¼ /e;f ;
If a ¼ 2gf þ eþ 1 and g ¼ 2, then

dð/a; P5Þ ¼
n
2 � f
�� ��þ þ 2; if e ¼ 1;3;
n
2 � f
�� ��þ þ 1; if e ¼ 2:

(
ð44Þ

For the last component of Eq. 29 following equation is enough;

dð/a; P6Þ ¼
1; if a ¼ 1;2;4;2nþ 1;2nþ 2;
0; if a ¼ otherwise:

�
ð45Þ

All the representations provided in Eq. 29 are unique for the
partition resolving set P, hence

pd MGðg; nÞð Þ � 6:

h

Theorem 3.5. If MGðg; nÞ is a hexagonal Möbius ladder of order
2gðnþ 1Þ, then
pd MGðg; nÞð Þ � 5;

for g ¼ 2 and n ¼ 2;4.
Proof. Consider P ¼ fP1; P2; P3; P4; P5g ¼ VðMGðg; nÞÞ where
P1 ¼ f/1g; P2 ¼ f/4g; P3 ¼ f/2nþ4g; P4 ¼ f/2nþ6g and
P5 ¼ VðMGðg; nÞÞ n f/1;/4;/2nþ4;/2nþ6g-. Then the representations
of all the vertices of MGðg; nÞ with respect to partition resolving
set P are given below in Eq. 46.

r /ajPð Þ ¼ ðd /a; P1ð Þ; d /a; P2ð Þ; d /a; P3ð Þ;d /a; P4ð Þ;
d /a; P5ð Þ;d /a; P6ð ÞÞ; a ¼ 1;2; . . . ;2gðnþ 1Þ ð46Þ

Now, splitting the vector shown in Eq. (46) in components, the
first component is Eq. (47), second component in Eq. (48), third
component in Eq. (49), fourth component from Eq. (50) and the last
component in Eq. (51).

The representation of all the vertices of MGð2; nÞ with respect to
P1 ¼ f/1g are;

dð/a; P1Þ ¼

1; if a ¼ 2;5;
2; if a ¼ 3;6;9;v� 4;v� 1;
3; if a ¼ 4;7;10;v� 5;v� 2 also; if a ¼ 12;13 whenn ¼ 4;
4; if a ¼ 8;11;14;17 whenn ¼ 4:

8>>><
>>>:

ð47Þ
The representation of all the vertices of MGð2; nÞ with respect to

P2 ¼ f/4g are;

dð/a; P2Þ ¼

1; if a ¼ 3;v� 3;
2; if 2;7;v� 7;v� 2;
3; if 1;6;8;11;v� 1;v� 6;v� 11 also; if a ¼ 5;10;15 whenn ¼ 4;
4; if a ¼ 5;10;15 whenn ¼ 4;
5; if a ¼ v� 4 whenn ¼ 4:

8>>>>>><
>>>>>>:

ð48Þ

The representation of all the vertices of MGð2; nÞ for
P3 ¼ f/2nþ4g are;
6

dð/a; P3Þ ¼

1; if a ¼ 2nþ 1;2nþ 3;
2; if a ¼ 1;3;6;9;11;

whenn ¼ 2 also if a ¼ 5;7;10;13;15; whenn ¼ 4;
3; if a ¼ 2;4;10;12 whenn ¼ 2

also if a ¼ 1;3;6;8;14;16;17;19 whenn ¼ 4;
n; if e ¼ n

2 ; n;18;5n whenn ¼ 4:

8>>>>>>>><
>>>>>>>>:

ð49Þ
The representation of all the /a of MGð2; nÞ according

P4 ¼ f/2nþ6g given below;

dð/a; P4Þ ¼

1; if a ¼ 9;11 n ¼ 2 also if e ¼ 13;15; n ¼ 4;
2; if a ¼ 4;5;7;12 n ¼ 2 also

if a ¼ 4;5;7;10;12;18;20 and n ¼ 4;
3; if a ¼ 1;3;6;8 when n ¼ 2 also

if a ¼ 4;5;7;10;12;18;20 when n ¼ 4;
4; if a ¼ 2; n ¼ 2also if a ¼ 1;3;6 when n ¼ 4;
5; if a ¼ 2; n ¼ 4:

8>>>>>>>>>>><
>>>>>>>>>>>:

ð50Þ

The representation of VðMGð2; nÞÞ according to P5 � P1 [ P2 [
P3 [ P4 are;

dð/a; P5Þ ¼
1; if a ¼ 1;4;2nþ 4;2nþ 6;
0; if a ¼ otherwise:

�
ð51Þ

All the representations of entire vertex set according to parti-
tion resolving set are unique. Hence,

pd MGð2; nÞð Þ � 5:

h

4. Conclusion

In this paper provide the sharp bounds of partition dimension
for hexagonal Möbius ladder graph MGðg; nÞ, and we concluded
that

pd MGðg; nÞð Þ 6

3 iff g ¼ 2 and n ¼ 1;
4 if g P 2 and n P 1 odd;
5 if g P 3 and n P 2 even

also if g ¼ 2 and n ¼ 2;4;
6 if g ¼ 2 and n P 6 even:

8>>>>>><
>>>>>>:
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