Journal of King Saud University - Science 31 (2019) 21-23

Contents lists available at ScienceDirect

;gmiﬁ@ Journal of King Saud University — Science -

journal homepage: www.sciencedirect.com

An extended differential form of Hilbert’s inequality

Nizar Kh. Al-Oushoush

@ CrossMark

Department of Mathematics, Faculty of Science, Al-Balqa’ Applied University, 19117 Al Salt, Jordan

ARTICLE INFO ABSTRACT

Article history:

Received 15 February 2017
Accepted 11 April 2017
Available online 18 April 2017

reverse form of it.

2000 Mathematics Subject Classification:
26D15

Keywords and phrases:
Hilbert's integral inequality
Holder inequality

Hardy inequality

In this paper we introduce the extention of the differential form of Helbert's integral inequality, and the

© 2017 The Author. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The classical Hardy-Hilbert inequality for positive functions f, g
and two conjugate parameters p and q such that p > 1,;—,+% =1is
given as Hardy et al. (1952)

/ /}fx+y m¢m¥m {/‘ﬂ cm}{/ & m} (1)

provided that the integrals on the right-hand side are convergent.
The constant - ( ) is the best possible, in the sense that it cannot

be decreased any more. Inequality (1.1) has several applications
in mathematical analysis. There are many extensions of inequality
(1.1), see for example the results in Hardy et al. (1952), Azar
(2011), Yang et al. (2003), Yang (1991) and Mitrinovi¢ et al.
(1991). A best extension of (1.1) was given in Krnic et al. (2005) as
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where B(1 — pA,, 2+ pA, — 1) is the best possible constants (B(u, v)
is the beta function) 1> 0,A; € ( 1) A € ( 1) and

q7q P’P

pA,+qA =24 For 0<p<llil=t, A>OA1€<q, q)

A € (—',%) and pA, + qA; = 2 — /. the reverse form of (1.2) is also
valid. Recently, in Azar et al. (2014) a differential form of the Hil-
bert’s inequality was obtained, namely
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where the constant C = W is the best possible. Here, I'(u) is
the gamma function, 2>0,n=0,1,.... Note that if we let
n=0,2=1,and p = g = 2 we obtain the famous Hilbert’s inequal-
ity. Therefore, one may consider inequality (1.3) as an extension of
the Hilbert’s inequality.

In this paper by introducing some parameters we obtain an
extension to inequality (1.3) and the reverse form of it. The given
inequalities as we will see are extensions of (1.2).

2. Preliminaries and Lemmas

We will frequently use the gamma and beta functions which are
defined respectively as
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wv>0 (2.2)
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The technique of proving the main results is based on the fol-
lowing relation
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The next two lemmas are also important tools for the proofs of
the main results:

(2.3)

Lemma 2.1 (see Azar et al, 2014, Lemma 22). Let
r>114+1=1¢(x) >0, the derivatives ¢',¢",---, o™ exists and
positive and @™ € L(0,00),(n=0,1,2,---), (¢ := ), where L?

denotes the space of all Lebesgue integrable functions (If p=1 we
obtain L), Moreover, suppose that ¢(0)= ¢"(0)=¢"(0)=---=
@1 (0) = 0, then for t,oc > 0 we have
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Lemma 2.2. Let 0 <1 < 1,1 +1=1, Let ¢ be as in Lemma 2.2, then
fort>0and peR (Bs+1 >O) we get
o t
/ et p(X)dx > t " HIT(Bs + 1) ( / x”"e’”‘((p(")(x))rdx> . 2.5)
0 0

Proof. Using integration by parts n times, we get

/oc e ®p(x)dx = tl—n /X e %™ (x))dx.
0

0

Applying reverse Holder inequality, then use (2.1), we obtain
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this leads to (2.5). O
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3. Main results

In this section, we give the main two inequalities of this paper,
the first one is an extension of (1.3), and the second one is the
reverse form.

Theorem 3.1. Let p > 1,1 +¢=1,f(x),
é—n),n:O,l,...andf( ), 8
such that

Joo xplnr1)=py—ic 1(f dx<oo,
jo yq (n+1)+qy—i— 1(g(n)( ))qdy < oo, then:
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W is the best possible constant.

g(y)>0,A>2ny€(n-4,

(y) satisfies the conditions of Lemma 2.1

where C =

Proof. If we use the relation (2.3) and apply the Hélder’s inequal-
ity, we obtain
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Using Lemma 2.2 for r=p,s=q,0=04,
r=q,s =p,o = o we obtain respectively,

(3.2)

and then for
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S5

oo q
( / e*%g(y)dy) < MR (p 4 1)
0
x / y 297 (g™ (y)) dy
JO

If we substitute these two inequalities in (3.2) we get
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where C; = ) . Now, let
oy = #PUD and o, = £90ED, we obtain
C = C:% Hence, Inequality (3.1) is proved. It

remains to show that the constant Cis the best possible. To do that
we define two functions:

xr o ox=1

0, O<x<1
Folx) = { r(Egn) spee
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and

where 0<e¢<min{i—q(y+n),A+p(y—n)}. Thus, we find
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Suppose that C = %

¢ 1

,y>1.

) is not the best possible, then
there exist 0 < k < C such that
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On the other hand, we obtain (the constant
D:r(“; =t _n)I "" =t
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If we consider (3.3), (3.4) and the relation between the Beta and
LI

3.
Gamma functions B(u, v) = 1.(— ) and let ¢ — 0", we get
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which is in contradiction with our assumption. The theorem is
proved. O

Theorem 3.2. Iff,g > 0, 0<p<1,§;+%:172>2n,ye (n—l’—;,i—n),

q
n=0,1,... and f, g satisﬁes the conditions of Lemma 2.1 such that
f xp (n+1)—,

1==1(F (%)) dx < oo, and [ yam D=1 (g (y))dy < oo,
then we have the reverse form of (3.1) as

I> C</xxl’("+1>fpy—;71(fn ®) )pdx);

where C as in Theorem 3.1 is the best possible constant.

Proof. Using (2.3) and the reverse Holder inequality, we have

I= ﬁ /Om (t%+7 /Om e*“f(x)dx) (t%’"" /OOC Wg(y))dy) dt
> rt ([ ([ ) )
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If we use Lemma 2.2 for r=p,s=q ,f=p, and then for
r=gq,s =p,B = B, respectively, we find
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and
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If we substitute the last two inequalities in (3.6) and make some
computations and then letting: g, = “21-1-1 and p, = =4
arrive at inequality (3.5). To prove that the constant is the best pos-
sible, we define f,(x) and g,(y) as in the proof of Theorem 3.1.If Cis
not the best possible one, then there is a positive number k > C
such that (3.6) is still valid as we replace C by k, then

we

/ / [o(0g:() dxdy >3 ’ (3.7)
(x+ y
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ipy—t_ —&
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doy-1).

If we let ¢ — 0", from (3.7) to (3.8) we find k >
is proved. O

C. the theorem

Remark 3.3. If we put n=0in (3.1) we get

/Ox /j%d}(dyé C<./:°Xp,p-,7,>1fp(x>dx>'l’ </:yq+qr4—1gq(y)dx>%. (3.9)

Note that if we set in (3.9) y = % (—ﬁ <7< é) under the

condition pA, + gA; =2 — 7 we obtain inequality (1.2) from the
introduction. Similarly, we may obtain the reverse form of (1.2)
from (3.5).
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